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1- Logic

Lecture No.1 Logic
Course Objective:

1.Express statements with the precision of formal logic

2.Analyze arguments to test their validity

3.Apply the basic properties and operations related to sets

4. Apply to sets the basic properties and operations related to relations and functions
5. Define terms recursively

6.Prove a formula using mathematical induction

7.Prove statements using direct and indirect methods

8.Compute probability of simple and conditional events

9. Identify and use the formulas of combinatorics in different problems

10.lustrate the basic definitions of graph theory and properties of graphs
11.Relate each major topic in Discrete Mathematics to an application area in computing

1.Recommended Books:

1. Discrete Mathematics with Applications (second edition) by Susanna S. Epp
2.Discrete Mathematics and Its Applications (fourth edition) by Kenneth H. Rosen
1. Discrete Mathematics by Ross and Wright

MAIN TOPICS:

Logic

. Sets & Operations on sets

. Relations & Their Properties
. Functions

. Sequences & Series

. Recurrence Relations

. Mathematical Induction

. Loop Invariants

. Loop Invariants

10. Combinatorics

11. Probability

12. Graphs and Trees A

A .
) Continuous
. Discrete

N
-

v
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1-Logic

Set of Integers:

What is Discrete Mathematics?

Discrete Mathematics concerns processes that consist of a sequence of individual steps.
LOGIC:

Logic is the study of the principles and methods that distinguish between a
valid and an invalid argument.

SIMPLE STATEMENT:
A statement is a declarative sentence that is either true or false but not both.
A statement is also referred to as a proposition

EXAMPLES:

a. 2+2=4,
b. It is Sunday today

If a proposition is true, we say that it has a truth value of "true”.
If a proposition is false, its truth value is "false".
The truth values “true” and “false” are, respectively, denoted by the letters T and F.

EXAMPLES: N
Propositions Not Propositions

1) Grass is green. 1) Close the door.
2) 4+2=6 2) X is greater than 2.

3) 4+2=7 3) Heis very rich

4) There are four fingers in a hand.

Rule:
If the sentence is preceded by other sentences that make the pronoun or variable reference
clear, then the sentence is a statement.

Example: w ) )

x=1 Bill Gates is an American

x> 2 He is very rich

“x>2”is a statement with truth-value “He is very rich” is a statement with truth-
FALSE. value TRUE.
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1-Logic

UNDERSTANDING STATEMENTS

1) x+ 2is positive. Not a statement
2) May | come in? Not a statement
3) Logic is interesting. A statement
4) It is hot today. A statement
5 -1>0 A statement
6) x+y=12 Not a statement

COMPOUND STATEMENT:
Simple statements could be used to build a compound statement.

LOGICAL CONNECTIVES

EXAMPLES:

1. “3+2=5"and “Lahore is a city in Pakistan”
2. “The grass is green” or “ It is hot today”

3. “Discrete Mathematics is not difficult to me”

AND, OR, NOT are called LOGICAL CONNECTIVES.

SYMBOLIC REPRESENTATION
Statements are symbolically represented by letters such as p, q, T,...

EXAMPLES:

p = “Islamabad is the capital of Pakistan”
g = “17 is divisible by 3”

CONNECTIVE | MEANINGS | SYMBOLS | CALLED
Negation not = Tilde
Conjunction and A Hat
Disjunction or v Vel
Conditional if...then... - Arrow
Biconditional if and only if © Double arrow
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Join VU Group: https://chat.whatsapp.com/GeDIA1sU1ZF2k12A4ZyaGw

VU


https://chat.whatsapp.com/GeDlA1sU1ZF2k12A4ZyaGw

1-Logic

EXAMPLES

p = “Islamabad is the capital of Pakistan”

q = “17 is divisible by 3”

p A g = “Islamabad is the capital of Pakistan and 17 is divisible by 3”
p v g = “Islamabad is the capital of Pakistan or 17 is divisible by 3”
~p = “It is not the case that Islamabad is the capital of Pakistan”

or simply “Islamabad is not the capital of Pakistan”

TRANSLATING FROM ENGLISH TO SYMBOLS

Let p =“Ttis hot”, and g = “ It is sunny”

SENTENCE SYMBOLIC FORM
1.1t is not hot. ~p

2.1t is hot and sunny. p AQ

3.1t is hot or sunny. pvq

4.1t is not hot but sunny. ~pAQ

5.1t is neither hot nor sunny. ~pA~Q
EXAMPLE

Let  h=“Zia is healthy”
w = “Zia is wealthy”
S =“Zia is wise”
Translate the compound statements to symbolic form:

1) Zia is healthy and wealthy but not wise. (hAaw) A (~59)
2) Zia is not wealthy but he is healthy and wise. ~wWA(hAas)
3) Zia is neither healthy, wealthy nor wise. ~hA~WA~sS

TRANSLATING FROM SYMBOLS TO ENGLISH:

Let m=“Aliis good in Mathematics”
¢ = “Ali is a Computer Science student”

Translate the following statement forms into plain English:

1) ~c Ali is not a Computer Science student
2) cvm Ali is a Computer Science student or good in Maths.
3) ma~c Ali is good in Maths but not a Computer Science studen t

A convenient method for analyzing a compound statement is to make a truth
table for it.

Truth Table
A truth table specifies the truth value of a compound proposition for all
possible truth values of its constituent propositions.
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1-Logic

NEGATION (~):
If p is a statement variable, then negation of p, “net p”, is denoted as “~p”

It has opposite truth value from p i.e., if p is true, then ~ p is false; if p is false, then ~ p is

true.

TRUTH TABLE FOR ~p

p ~p
T F
F T

CONJUNCTION (A):
If p and g are statements, then the conjunction of p and q is “p and ¢”, denoted as

“p A q”-

Remarks
o p AqQ istrue only when both p and g are true.
o |If either p or q is false, or both are false, then p A q is false.

TRUTH TABLEFORp A Q

P q pAQ

m|m ||
M| ||
m|m |7 |

DISJUNCTION (v) or INCLUSIVE OR

If p & q are statements, then the disjunction of p and q is “p or ¢”, denoted as
“I’ Vi q”.

Remarks:
o P v qis true when at least one of p or q is true.
o pvqis false only when both p and q are false.
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1-Logic

VU

TRUTH TABLE FORp v a

p g pvq
T T T
T F T
F T T
F F F

Note it that in the table F is only in that row where both p and g have F and all other
values are T. Thus for finding out the truth values for the disjunction of two statements
we will only first search out where the both statements are false and write down the F in
the corresponding row in the column of p v g and in all other rows we will write T in the

column of p v .

Remark:

Note that for Conjunction of two statements we find the T in both the
statements, But in disjunction we find F in both the statements. In other words, we will
fill T in the first row of conjunction and F in the last row of disjunction.

SUMMARY
1. What is a statement?

2. How a compound statement is formed.
3. Logical connectives (negation, conjunction, disjunction).
4. How to construct a truth table for a statement form.

© Copyright Virtual University of Pakistan
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2-Truth Tables VU

Lecture No.2 Truth Tables

Truth Tables for:

1. ~pAq
2. ~pAa(@Qv~r)
3. (pva) A~ (pAQ)

Truth table for the statement form ~p A q

P la]| P |-~-pPAg

T T F F FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ

T F F F SOLUTION LECTURE WATCHING
CONTACT::03103566137

FlT| T T

FlF| T F

Truth table for ~p A (qv ~T)

plal r|-r| av~-r | ~p | ~pAa(@v~r)
T|T| T|F T F F
T|T|F| T T F F
T|F| T|F F F F
T|F|F| T T F F
FIT| T|F T T T
FIT|F| T T T T
FIF| T| F F T F
FIF|F| T T T T

Truth table for (pvq) A ~ (pAQ)

p q [ pva | pAq | ~(pra) (pva) A ~ (p1Q)
T T T T F F
T F T F T T
F T T F T T
F F F F T F
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2-Truth Tables

USAGE OF “OR” IN ENGLISH
In English language the word OR is sometimes used in an inclusive sense (p or g or
both).

Example: | shall buy a pen or a book.

In the above statement, if you buy a pen or a book in both cases the statement is true and
if you buy both pen and book, then statement is again true. Thus we say in the above
statement we use or in inclusive sense.

The word OR is sometimes used in an exclusive sense (p or g but not both). As in the
below statement

Example: Tomorrow at 9, I’ll be in Lahore or Islamabad.
Now in above statement we are using OR in exclusive sense because if both the
statements are true, then we have F for the statement.

While defining a disjunction the word OR is used in its inclusive sense. Therefore, the
symbol v means the “inclusive OR”

EXCLUSIVE OR:
When OR is used in its exclusive sense, The statement “p or q” means “p or q but not

both” or “p or q and not p and g” which translates into symbols as (p v ) A ~ (p A Q)
It is abbreviated as p @ g or p XOR q

TRUTH TABLE FOR EXCLUSIVE OR:

p q JeXe
T T F
T F T
F T T
F F F

TRUTH TABLE FOR (pva) A ~ (p A 0)

p q pvq pAq ~(pAQ) (Pva@) A~ (P A Q)
T T T T F F
T F T F T T
F T T F T T
F F F F T F

© Copyright Virtual University of Pakistan
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2-Truth Tables \Y{V)
Note: Basically
P®A=(pPAr~qVv(~pAaQ)
=lpAr~a)v~plallpar~a) v
=(Ppva)yAr~(PAQ
=Ppvaar(~pv~a)
LOGICAL EQUIVALENCE
If two logical expressions have the same logical values in the truth table, then we say that
the two logical expressions are logically equivalent. In the following example, ~ (~ p) is
logically equivalent p. So it is written as ~(~p) = p
Double Negative Property ~(~p) = p
p ~p ~(~p)
F T
F T F
Example
Rewrite in a simpler form:
“It is not true that | am not happy.”
Solution:
ONLY FOR CONCEPT
Let p = “I am happy”
then ~ p = “I am not happy”
and ~ (~p) = “It is not true that | am not happy”
Since ~(~p)=p
Hence the given statement is equivalent to “I am happy ”
Example
Show that ~ (pAQ) and ~ p A ~ g are not logically equivajepy T
Solution: IS SOVED STEP BY S1EP.

Pl a| P | a0 | paAq | ~(pAQ) | ~PA~C
T| T| F| F T F F
TIF| F| T F T F
FI T| T | F F T F
FIF| T | T F T T

[
P
»
P

Different truth values in row 2 and row 3

© Copyright Virtual University of Pakistan
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2-Truth Tables VU

DE MORGAN’S LAWS

1) The negation of an AND statement is logically equivalent to the OR statement in
which each component is negated.

Symbolically ~(pAQg)=~pv-~q

2) The negation of an OR statement is logically equivalent to the AND statement in
which each component is negated.

FOR LMS HANDLING,

Symbolically ~(pv@)=~pA~q ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
Truth Tableof ~(pv @)=~pA~q CONTACT::03103566137
q | g pv(q ~(p v q) ~p A~q
T T F F T F F
T F F T T F F
F T T F T F F
F F T T F T T
Same truth values
APPLICATION:

Give negations for each of the following statements:
a) The fan is slow or it is very hot.
b) Akram is unfit and Saleem is injured.

Solution:
a) The fan is not slow and it is not very hot.
b) Akram is not unfit or Saleem is not injured.

INEQUALITIES AND DEMORGAN’S LAWS:

Use DeMorgan’s Laws to write the negation of

-1 <x<4 for some particular real number x
Here, -1 <x<4 means x> -1and x<4
The negation of (x>-1andx<4) is ( Xx<-10R x>4).

. X>-1ANDX<=4
We can explain it as follows: X<=-10RX>4
Suppose p: x>-1
g: x<4
~p: x<-1
~(g: x>4
The negation of x>-1AND x<4

= ~(pnq)
12
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2-Truth Tables VU

~p v~q by DeMorgan’s Law,
X<-10R x>4

EXERCISE:

1.Showthat (p AgQ)Ar=pA(QAar)  TABLE MAKING
2. Are the statements (pAq)vrand pa.(qvr) logically equivalent? YES THEY ARE EQUIVALENT

TAUTOLOGY:
A tautology is a statement form that is always true regardless of the truth values of the
statement variables. A tautology is represented by the symbol “t”.

EXAMPLE: The statement form p v ~ p is tautology

p =0 pv-~p NOTE THE EXAMPLE | AM
HIGHLIGHTING IS FOR

T F T UNDERSTANDING THE CONCEPT THAT
HOW IT

F T T IS SOVED STEP BY STEP.

IT MAY OR MAY NOT COME IN EXAM
pv~p=t
CONTRADICTION:

A contradiction is a statement form that is always false regardless of the truth values of
the statement variables. A contradiction is represented by the symbol “c”.

So if we have to prove that a given statement form is CONTRADICTION, we will make
the truth table for the statement form and if in the column of the given statement form all
the entries are F, then we say that statement form is contradiction.

EXAMPLE:
The statement form p A ~ p is a contradiction.
~p pPA~p
T F F
F T

Since in the last column in the truth table we have F in all the entries, so it is a
contradiction i.e. pA~p=C

REMARKS:
— Most statements are neither tautologies nor contradictions.
— The negation of a tautology is a contradiction and vice versa.
— In common usage we sometimes say that two statement are contradictory.
By this we mean that their conjunction is a contradiction: they cannot both
be true.

13
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2-Truth Tables VU

LOGICAL EQUIVALENCE INVOLVING TAUTOLOGY

1. Show thatp At=p

p t pat
T T T
F T F

Since in the above table the entries in the first and last columns are identical so we have
the corresponding statement forms are Logically equivalent that is

pAat=p

LOGICAL EQUIVALENCE INVOLVING CONTRADICTION

Showthat pac=c

p c pac NOTE THE EXAMPLE | AM HIGHLIGHTING IS
UNDERSTANDING THE CONCEPT THAT HOW
T F F IS SOVED STEP BY STE

IT MAY OR MAY NOT COME IN EXAM

There are same truth values in the indicated columns, sop A c=c

EXERCISE:
Use truth table to show that (pAq) v (~p v (p A ~q)) is a tautology.

SOLUTION:

Since we have to show that the given statement form is Tautology, so the
column of the above proposition in the truth table will have all entries as T. As clear from
the table below

p q pPAQ ~p | ~a] pr~q ~pv (pA~0Q) (pAQ) Vv
(~p Vv (p A ~0))

T T T F F F F T

T F F F T T T T

F T F T F F T T

F F F T T F T T

Hence (pAq)v(=pv(pAa~q)) =t

EXERCISE:
Use truth table to show that (p A ~0) A(~pvQ) is a contradiction.

14
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2-Truth Tables VU

SOLUTION:
Since we have to show that the given statement form is Contradiction, so its
column in the truth table will have all entries as F. As clear from the table below.

pl a ] ~a] pr-a ] ~p ] -pvg (pPr-a)A(=pva)
T T F F F T F
T F T T F F F
Fl 7 F F T T F
Fl F T F T T F

LAWS OF LOGIC

1) Commutative Laws

pAgq =0gAa p
pvdg=qv p
2) Associative Laws
(PAQ ) AT =pA(q Ar)
(pvg)vr =pv(qvr)

3) Distributive Laws
pa(qvr) =(paq) v( par)

pv(qAar)=(pvqg) A( pvr) DEMORGAN LAW

4) ldentity Laws
pAt =p
pvec=p
ALL LAWS ARE VERY IMPORTANT
5) Negation Laws

pv~p=t

pA~p=cC
6) Double Negation Law

~(~p)=p
FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ SOLUTION

7) Idempotent Laws LECTURE WATCHING

PAP=P CONTACT::03103566137

pvp=p

8) DeMorgan’s Laws
~(pAQg) =~pv~q
~(pvQg) =~pAar~q

9) Universal Bound Laws
pvt=t
pAC =cC

15
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2-Truth Tables VU

10) Absorption Laws
pv(p Aq
pA(P VvqQ

11) Negation of t and ¢ ALL LAWS ARE VERY IMPORTANT
~t=c
=E=

) =p
) =p

16
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3-Laws of logic VU

Lecture No.3 Laws of Logic

APPLYING LAWS OF LOGIC
Using law of logic, simplify the statement form

pv[~(~p~a)]
Solution:
pv~(pAd] =pv[-(~p) Vv (~0)] DeMorgan’s Law
=p v [pv(~q)] Double Negative Law: ~(~p) = p
=[p v plv(~q) Associative Law for v
=p v (~q) Idempotent Law: pv p=p

That is the simplified statement form.

Example: Using Laws of Logic, verify the logical equivalence
~CpAda(pva=p

Solution:
~(=p A Q) A (pva) = (~(~p) v ~a) A(p v 0) DeMorgan’s Law
=(p v ~0q) A (pva) Double Negative Law
=pv(~qAQ) Distributive Law
=pvece Negation Law
=p Identity Law

SIMPLIFYING A STATEMENT:
“You will get an A if you are hardworking and the sun shines, or you are hardworking
and it rains.” Rephrase the condition more simply.
Solution:
Let p = “You are hardworking’
g = “The sun shines”
r = “It rains” .

NOTE THE EXAMPLE | AM HIGHLIGHTING IS FOR
UNDERSTANDING THE CONCEPT THAT HOW IT
R IS SOVED STEP BY STEP.

The conditionis (p A Q) v (p A T) IT MAY OR MAY NOT COME IN EXAM

Using distributive law in reverse,

PrgvpAan=pa(@vr)

Putting p A (g v r) back into English, we can rephrase the given sentence as
“You will get an A if you are hardworking and the sun shines or it rains.

EXERCISE:
Use Logical Equivalence to rewrite each of the following sentences more simply.

1. It is not true that | am tired and you are smart.
{1 am not tired or you are not smart.}

2. It is not true that | am tired or you are smart.
{1 am not tired and you are not smart.}

3.1 forgot my pen or my bag and | forgot my pen or my glasses.
{I forgot my pen or | forgot my bag and glasses.
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Join VU Group: https://chat.whatsapp.com/GeDIA1sU1ZF2k12A4ZyaGw



https://chat.whatsapp.com/GeDlA1sU1ZF2k12A4ZyaGw

4TH4-474

3-Laws of Logic VU

4.1t is raining and | have forgotten my umbrella, or it is raining and | have
forgotten my hat.
{It is raining and | have forgotten my umbrella or my hat.}

CONDITIONAL STATEMENTS:
Introduction
Consider the statement:
"If you earn an A in Math, then I'll buy you a computer."
This statement is made up of two simpler statements:
p: "You earn an A in Math™
g: "'l will buy you a computer.*

The original statement is then saying :
if p is true, then q is true, or, more simply, if p, then q.
We can also phrase this as p implies g. It is denoted by p — @.

CONDITIONAL STATEMENTS OR IMPLICATIONS:

If p and g are statement variables, the conditional of gby pis  “If p then q”
or “p implies q” and is denoted p — Q.

p — q is false when p is true and q is false; otherwise it is true.

The arrow "— " is the conditional operator.
In p — g, the statement p is called the hypothesis (or antecedent) and q is called the

conclusion (or consequent).

TRUTH TABLE:

p g P-4

T T T

T F F

- - T

F F G

PRACTICE WITH CONDITIONAL STATEMENTS:

Determine the truth value of each of the following conditional statements:

1.“If1=1,then3=3" TRUE

g' gi - (1)’ :E:E g - g ?QL‘JSEE NOTE THE EXAMPLE | AM HIGHLIGHTING
o D= b IS FOR UNDERSTANDING THE CONCEPT

4.“If1 =2, then 2 = 3. TRUE THAT HOW IT

5.“If1=1thenl1=2and2=3." FALSE IS SOVED STEP BY STEP.

6.“If1=30r1=2then3=3" TRUE IT MAY OR MAY NOT COME IN EXAM
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3-Laws of Logic VU

ALTERNATIVE WAYS OF EXPRESSING IMPLICATIONS:
The implication p — g could be expressed in many alternative ways as:

«“if p then q” *“not p unless q”

*“p implies q” +““q follows from p”
““if p, q” ““qif p”

“ponly if q” *“q whenever p”

«“p is sufficient for q” *““q is necessary for p”
I ERCISE:

Write the following statements in the form “if p, then g” in English.
¢ our guarantee is good only if you bought your CD less than 90 days ago.

If your guarantee is good, then you must have bought your CD player less
than 90 days ago.
b o get tenure as a professor, it is sufficient to be world-famous.
If you are world-famous, then you will get tenure as a professor.
c 1at you get the job implies that you have the best credentials.
If you get the job, then you have the best credentials.
d is necessary to walk 8 miles to get to the top of the Peak.
If you get to the top of the peak, then you must have walked 8 miles.

TRANSLATING ENGLISH SENTENCES TO SYMBOLS:
Let p and g be propositions:
p = “you get an A on the final exam”
g = “you do every exercise in this book”
r = “you get an A in this class”

Write the following propositions using p, g, and r and logical connectives.

1.To get an A in this class it is necessary for you to get an A on the final.
SOLUTION p—o>r

2.Yao o every exercise in this book; You get an A on the final, implies,
you get an A in the class.
SOL! ION PpAgoT

3. Get g an A on the final and doing every exercise in this book is sufficient
For g¢ ngan A in this class.
SOLU ON pAQqQ—>Tr

TRANSLATING SYMBOLIC PROPOSITIONS TO ENGLISH:

Let p, g, and r be the propositions:
D “you have the flu” NOTE THE EXAMPLE | AM HIGHLIGHTING IS FOR

i miss the final » UNDERSTANDING THE CONCEPT THAT HOW IT
?: ;,(?lll paSS the courseixam IS SOVED STEP BY STEP.

. . .. . IT MAY OR MAY NOT COME IN EXAM
Express th  ‘ollowing propositions as an English sentence.

1. p—o¢
If y. have flu, then you will miss the final exam.
2. ~g-or
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3-Laws of Logic VU

If you don’t miss the final exam, you will pass the course.
3. ~pA~gor
If you neither have flu nor miss the final exam, then you will pass the course.

HIERARCHY OF OPERATIONS
FOR LOGICAL CONNECTIVES
o~ (negation)

*A (conjunction), v (disjunction)

+— (conditional)

Example: Construct a truth table for the statement form pv~q—>~p

l

P q ~P pv~=q pv=q—>-~p

m(m[d|d
m|d [T
—H|m[d[7m|<e
— |4 ||
|7 [d]|d
— |4 |m|m

Example: Construct a truth table for the statement form (p —>g)A(~p — 1)

~por | (p29)A(~ p o)
T T

_:
o
4
o]
l
©

Mm|m|m|Tn|[d[d|d4]|H]|T
m(mnjfd|d|m|n|d[d]|_
Mm|d|(n|d|Tn|[4|T|H
e e T e e e B e Y B Y
e B e B B T e e O e
M| 4|44

Mm|HA|[T|H[7m| T

NOTE THE EXAMPLE | AM HIGHLIGHTING IS FOR UNDERSTANDING THE CONCEPT THAT HOW IT
IS SOVED STEP BY STEP.
IT MAY OR MAY NOT COME IN EXAM
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3-Laws of Logic VU

LOGICAL EQUIVALENCE INVOLVING IMPLICATION
Use truth table to show p—q=~q > ~p

Pl q 4| P |pP>q| 9—>-p
T T F F T T
TIF| T| F| F F
F{ T F T T T
F| F T T T T
NOTE THE EXAMPLE | AM HIGHLIGHTING IS
FOR UNDERSTANDING THE CONCEPT THAT
HOW IT
_ _ same truth values IS SOVED STEP BY STEP.
Hence the given two expressions are equivalent. IT MAY OR MAY NOT COME IN EXAM
IMPLICATION LAW
pP—q = ~pvq
P q P—q ~P ~pvq
T T T F T
T F F F F
F T T T T
F F T T T

same truth values
NEGATION OF A CONDITIONAL STATEMENT:
Since p—>g=-~pvg
So ~(p>a)=~(~pv0)
~C~p)A(~0Q by De Morgan’s law
=pA~{(Q by the Double Negative law

Thus the negation of “if p then q” is logically equivalent to “p and not g”.
Accordingly, the negation of an if-then statement does not start with the word if.

EXAMPLES

Write negations of each of the following statements:

1.1f Ali lives in Pakistan then he lives in Lahore.

2.1f my car is in the repair shop, then I cannot get to class.

3.If x is prime then x is odd or X is 2.

4.1f n is divisible by 6, then n is divisible by 2 and n is divisible by 3.
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3-Laws of Logic VU

SOLUTIONS:

1. Ali lives in Pakistan and he does not live in Lahore.
2. My car is in the repair shop and | can get to class.

3. X is prime but x is not odd and x is not 2.

4. nis divisible by 6 but n is not divisible by 2 or by 3.

INVERSE OF A CONDITIONAL STATEMENT:

The inverse of the conditional statement p — q is ~p — ~q
A conditional and its inverse are not equivalent as could be seen from the truth table.

P g P ~p ~q ~p —>~(q
T T T F F T
T F F F T T
F T T T F F
F F T T T T
T T

different truth values in rows 2 and 3
WRITING INVERSE:

1. Ii'today is Friday, then 2 +3 =5, NOTE THE EXAMPLE | AM HIGHLIGHTING IS
If today is not Friday, then 2 + 3 # 5. FOR UNDERSTANDING THE CONCEPT THAT
HOW IT
2. If it snows today, I will ski tomorrow. IS SOVED STEP BY STEP.

If it does not snow today I will not ski tomorrowlT MAY OR MAY NOT COME IN EXAM

3. If Pis asquare, then P is a rectangle.
If P is not a square then P is not a rectangle.

4, If my car is in the repair shop, then | cannot get to class.
If my car is not in the repair shop, then | shall get to the class.

CONVERSE OF A CONDITIONAL STATEMENT:

The converse of the conditional statement p — q is q —p.

A conditional and its converse are not equivalent. i.e., — is not a commutative operator.
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3-Laws of Logic VU

P | a| p>a | aop
T T T
T |F F T
F T T F
F | F T T

not the same
WRITING CONVERSE:

. . NOTE THE EXAMPLE | AM HIGHLIGHTING IS FOR
L.1f today is Friday, then 2 + 3 = 5. UNDERSTANDING THE CONCEPT THAT HOW IT
If 2 + 3 =5, then today is Friday. IS SOVED STEP BY STEP.
IT MAY OR MAY NOT COME IN EXAM
2. If it snows today, | will ski tomorrow.
I will ski tomorrow only if it snows today.

3. If Pisasquare, then P is a rectangle.
If P is a rectangle then P is a square.

4. If my car is in the repair shop, then I cannot get to class.
If | cannot get to the class, then my car is in the repair shop.

CONTRAPOSITIVE OF A CONDITIONAL STATEMENT:
The contra-positive of the conditional statementp —» qis~q—> ~p
A conditional and its contra-positive are equivalent.
Symbolically p—>g=~g— ~p

1. If today is Friday, then 2 + 3 =5.

If 2 + 3 %5, then today is not Friday.
2. If it snows today, | will ski tomorrow.

I will not ski tomorrow only if it does not snow today.
3. If Pis a square, then P is a rectangle.

If P is not a rectangle then P is not a square.
4, If my car is in the repair shop, then | cannot get to class.

If | can get to the class, then my car is not in the repair shop.

EXERCISE:
1. Show that p>g=~q—>~p ( Use the truth table. )
2. Showthat g>p=~p—>~q ( Use the truth table. )
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4-Biconditional

Lecture No.4 Biconditional
BICONDITIONAL

If p and q are statement variables, the biconditional of p and q is “p if and only if q”.
It is denoted p<>q. “if and only if” IS abbreviated as iff.
The double headed arrow " <>" is the biconditional operator.

TRUTH TABLE FOR p«q.

<
P q P4 NOTE THE EXAMPLE | AM HIGHLIGHTING IS FOR
T T T UNDERSTANDING THE CONCEPT THAT HOW IT
IS SOVED STEP BY STEP.
T F F IT MAY OR MAY NOT COME IN EXAM
FI T F
F| F T

Remark:
o p < qistrue only when p and g both are true or both are false.
o p <> qis false when either p or q is false.

EXAMPLES:
Identify which of the following are True or false?

1.“1+1 = 3 if and only if earth is flat”
TRUE
2. “Sky is blue iff 1 = 07
FALSE
3. “Milk is white iff birds lay eggs”
TRUE
4. “33 is divisible by 4 if and only if horse has four legs”
FALSE
5. “x > 5 iff x2 > 25”
FALSE

REPHRASING BICONDITIONAL:

p<>q is also expressed as:

o “pis necessary and sufficient for q”
o “If p then g, and conversely”
o “pisequivalent to q”

© Copyright Virtual University of Pakistan



4-Biconditional

Example: Show that p < q=(p—q) A (0— p)

p q peq | p—q q—p (P—>A(G—>p)

m({m| |-
m|d4|m |-
—|mT|T|d
—|d|m|d
—|m|(d|d

-
F
F
j

T

T same truth values

EXERCISE:
Rephrase the following propositions in the form “p if and only if q” in English.

1. If it is hot outside, you buy an ice cream cone, and if you buy an ice cream
cone, it is hot outside.
Sol ___ You buy an ice cream cone if and only if it is hot outside.

2. For you to win the contest it is necessary and sufficient that you have the
only winning ticket.
Sol You win the contest if and only if you hold the only winning ticket.

3. If you read the news paper every day, you will be informed and conversely.
Sol You will be informed if and only if you read the news paper every day.

4. It rains if it is a weekend day, and it is a weekend day if it rains.
Sol It rains if and only if it is a weekend day.

5. The train runs late on exactly those days when | take it.
Sol The train runs late if and only if it is a day | take the train.

6. This number is divisible by 6 precisely when it is divisible by both 2 and 3.
Sol This number is divisible by 6 if and only if it is divisible by both 2 and 3.

TRUTH TABLE FOR (p—q) <> (~ g— ~ p)

p—gq | 4| P| ~go~p (P—0q) <> (~g—>~p)
T

Tn

m(m |||

M| |m|d|<e

ol e N Ll

—|T |d(m

—A | |Tm|(m
—

T
T
T

—
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4-Biconditional

FOR LMS
HANDLING,
ASSIGNMENT
,GDB,QUIZ
SOLUTION
LECTURE
WATCHING
CONTACT::
03103566137

TRUTH TABLE FOR (p>q) <> (r<>q)

Pl 9 r p<>Q roq | (pog)o(roq)
T T | T T T T
T| T | F T F F
T F | T F F T
T| F F F T F
Fl T | T F T F
F| T | F F F T
F| F | T T F F
F| F F T T T

TRUTH TABLE FORpA~T <> Qv T

HerepAa~r<gvrmeans (p A (=) <(Qqvr)

Plaj r| ~r| pa-r qvr | pA~Tr<oqur
T|T| T|F F T F
T|T|F|T T T T
TI|F| T|F F T F
TIF|F|T T F F
FIT| T|F F T F
FIT| F| T F T F
FIF| T| F F T F
FIF| F| T F F T

© Copyright Virtual University of Pakistan
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VU

LOGICAL EQUIVALENCE INVOLVING BICONDITIONAL

Example: Show that ~p <> g and p <> ~q are logically equivalent.

Pla| P | ~0| ~poq| pe~q
T|T| F | F F F
T|F| F | T T T
FlT| T | F T T
FIF| T | T F F
N

same truth values

Hence~-p<q=p<e ~q

EXERCISE:

Show that ~(p@q) and p<»>q are logically equivalent.

Plal peq ~(p@q) p<>q

TI|T F T

TI|F T F F

F T T F F FOR LMS HANDLING,

F F F T T ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING

Hence ~(p®Qq) = p<>q

LAWS OF LOGIC:
1. Commutative Law:
2.Implication Laws:

3.Exportation Law:
4.Equivalence:
5.Reductio ad absurdum

APPLICATION:

4 4 CONTACT::03103566137

same truth values

Peq=qop ALL LAWS ARE VERY IMPORTANT
p—>qg=~pvq
=~(pAa~0)

(P AQ)—>r=p—(q-r)
p <> q=(p —>9A(q —p)
p—>q =(pA-~q)—>C

Example: Rewrite the statement forms without using the symbols — or <>

1. pa~Qg-or

2. (p>r)e(g—r)

P Q

27

© Copyright Virtual University of Pakistan



4-Biconditional VU

Solution:
1. par~gor=pA~q)-—>r Order of operations
=~(PA~qvr Implication law

2. (ponNe@-—-r)=(Fpvr) <o (~=qvr)  Implication law
=[p v >CqvNlIAl(=gv) —>(=p V)]
Equivalence of biconditional
=[~Cpvnv(avnla=(qvnv(=pvr)]
Implication law
Example: Rewrite the statement form ~p v g — r v ~q to a logically equivalent form
that uses only ~ and A.

Solution:

STATEMENT REASON
~pvqg—o>rv~q Given statement form

=(~pvQqg) —(rv~0q) Order of operations

=~[(~pv ) A~(rv~q] Implication law p—q = ~(pA~ Q)
=~[~(pA~q) A (~r A Q)] De Morgan’s law

Example: Show that ~(p—q) — p is a tautology without using truth tables.

Solution:
STATEMENT REASON

~(p—0q) > p Given statement form
=~[~(pA~Q)]—>p Implication law p—>q=~(p A ~Q)
=(pA~Q)—>p Double negation law
=~(pA~Q)Vvp Implication law p—>q=-~p v q
=(~pvagvp De Morgan’s law
=(qQv~p)vp Commutative law of v
=qv(~pvp) Associative law of v
=qvt Negation law
=t Universal bound law
EXERCISE:

Suppose that p and g are statements so that p—q is false. Find the truth values
of each of the following:

%:p 5 q_> | FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ SOLUTION
3.0 p LECTURE WATCHING

SOLUTION CONTACT::03103566137

Hint: ( p—q is false when p is true and q is false.)

1.TRUE

2.TRUE

3.FALSE
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Lecture No.5 Argument

Before we discuss in detail about the argument, we first consider the following argument:

An interesting teacher keeps me awake. | stay awake in Discrete Mathematics class.
Therefore, my Discrete Mathematics teacher is interesting.

Is the above argument valid?
ARGUMENT:

An argument is a list of statements called premises (or assumptions or
hypotheses) followed by a statement called the conclusion.

P1  Premise
P2  Premise
P3 Premise

Pn  Premise

..C Conclusion
NOTE: The symbol .. read “therefore” is normally placed just before the conclusion.

VALID AND INVALID ARGUMENT:

An argument is valid if the conclusion is true when all the premises are true.
Alternatively, an argument is valid if conjunction of its premises imply conclusion.
Thatis (P1A P2 AP3 A...APn)— Cis a tautology.

An argument is invalid if the conclusion is false when all the premises are true.
Alternatively, an argument is invalid if conjunction of its premises does not imply
conclusion.

Critical Rows: The critical rows are those rows where the premises have truth value T.

EXAMPLE:Show that the following argument form is valid:

P9

P

- 4 FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
SOLUTION _ SOLUTION LECTURE WATCHING

premises l conclusion CONTACT::03103566137

Plal poa | P | ¢
T|T T T | T |« critical row
T|F F T | F
FIT T F T
F|F T F | F
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Since the conclusion g is true when the premises p—q and p are True. Therefore, it is a
valid argument.

EXAMPLE  Show that the following argument form is invalid:

pP—q
q
P
SOLUTION r premisIs lconclusion
P | adf p—=q q P
T T T T T
T F F F T critical row
F [T T T F
F F T F F

In the second critical row, the conclusion is false when the premises p—q and g are true.
Therefore, the argument is invalid.

EXERCISE:
Use truth table to determine the argument form
pva
p—>-q
p—o>r
r
is valid or invalid.
premises Tconclusion l
P | q r pvq pP—>~q p—r r
T T T T F T T
T T F T F F F
T F T T T T T
T| F F T T F F \ critical rows
F T T T T T T
F T F T T T F
F F T F T T T
F F F F T T F
30
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In the third critical row, the conclusion is false when all the premises are true. Therefore,
the argument is invalid.

The argument form is invalid
WORD PROBLEM

If Tarig is not on team A, then Hameed is on team B.
If Hameed is not on team B, then Tariq is on team A.
Tariq is not on team A or Hameed is not on team B.
SOLUTION
Let
t = Tariq is on team A
h = Hameed is on team B

Then the argument is FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
SOLUTION LECTURE WATCHING

=t=h CONTACT::03103566137
~h->t
. ~tv~h
t h ~t—>h ~h >t ~t v~h
T T T T F
T F T T T
F T T T T
FI F F F T

Argument is invalid because there are three critical rows.

( Remember that the critical rows are those rows where the premises have truth value T)
and in the first critical row conclusion has truth value F.

(Also remember that we say an argument is valid if in all critical rows conclusion has
truth value T)

EXERCISE
If at least one of these two numbers is divisible by 6, then the product of these two
numbers is divisible by 6.
Neither of these two numbers is divisible by 6.
The product of these two numbers is not divisible by 6.
SOLUTION
Let d= atleast one of these two numbers is divisible by 6.
p=  product of these two numbers is divisible by 6.
Then the argument become in these symbols
d-p
~d
S~ p
We will made the truth table for premises and conclusion as given below
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df p [dop] d]-p
T T T [F[F
T F FTFIT
FI T T [T]F

F F T T T

In the first critical row, the conclusion is false when the premises are true. Therefore, the
argument is invalid.

EXERCISE
If I got an Eid bonus, I’1l buy a stereo.
If I sell my motorcycle, I°11 buy a stereo.
If I get an Eid bonus or | sell my motorcycle, then I’11 buy a stereo.
SOLUTION:

Let

e = | got an Eid bonus FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
CONTACT::03103566137

s = I’ll buy a stereo
m = | sell my motorcycle
The argument is
e—>s
m-—s
Levm-—s

ess || mos [[evm| evm s

[ T T Ty Y Y A ) e
[ T A ) oy Ty Y ) e
el el |l |l | el | Bl | el | I
= =) =) A Tff T =)
[ T =) A A T )
el Ml | | M | (e | I
= T =) A Tff D =) A

The argument is valid because in the five critical rows, the conclusion is true.

EXERCISE
An interesting teacher keeps me awake. | stay awake in Discrete Mathematics class.
Therefore, my Discrete Mathematics teacher is interesting.

Solution:
t = My teacher is interesting
a = | stay awake
m = | am in Discrete Mathematics class

T->A
AM

The argument to be tested is
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t—a,
aAm
Therefore mat
t a m toalaam| mat
T T T T T T
T T F T F F
Tl F T F F T
Tl F F F F F
FI T T T T F
FI T F T F F
Fl F T T F F
Fl F F T F F

In the second critical row, the conclusion is false when the premises are true. Therefore,
the argument is invalid.

FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
SOLUTION LECTURE WATCHING
CONTACT::03103566137
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6-Applicition of Logic

Lecture No.6

SWITCHES IN SERIES

Applications of Logic

VU

P Q
e /.
Zj—: Light bulb = P Q State
Closed Closed On
/ Closed Open Off
open Open Closed Off
Open Open Off
closed
SWITCHES IN PARALLEL:
P : :
/ Switches Light Bulb
/ P Q State
Q Closed Closed On
—— Light bulb =2 Closed Open On
Open  Closed On
Open  Open Off
SWITCHES IN SERIES:
Switches Light Bulb
P Q P AQ
P Q State
Closed Closed On T U U
Closed Open Off = T F F
Open Closed Off F T F
Open Open Off F F F
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6-Applicition of Logic

SWITCHES IN PARALLEL:

VU

Switches Light Bulb
P Q State
Closed Closed On
Closed Open On
Open  Closed On
Open Open Off
1. NOT-gate

m|m|H|[H| o

Ul R

T |d(d[d]<

A NOT-gate (or inverter) is a circuit with one input and one output signal. If the

input signal is 1, the output signal is 0. Conversely, if the input signal is 0, then the output

signal is 1.
P

Input Output
P R
1 0
0 1

2. AND-gate

R

FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
SOLUTION LECTURE WATCHING

CONTACT::03103566137

An AND-gate is a circuit with two input signals and one output signal.

If both input signals are 1, the output signal is 1. Otherwise the output signal is 0.

Symbolic representation & Input/Output Table

P

3. OR-gate

An OR-gate is a circuit with two input signals and one output signal. If both input signals

AND )

R

Input | Output
P|Q R
111 1
110 0
0|1 0
0O 0

are 0, then the output signal is 0. Otherwise, the output signal is 1.
Symbolic representation & Input/Output Table
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6-Applicition of Logic

VU

P ; )
\ ™. R Input Output
Q J OR fr— 5 =
;_-J-"'/ =
1 1 1
1 0 1
0 1 1
0 0 0

COMBINATIONAL CIRCUIT:
A Combinational Circuit is a compound circuit consisting of the basic logic
gates such as NOT, AND, OR.

DETERMINING OUTPUT FOR A GIVEN INPUT:

Indicate the output of the circuit below when the input signalsare P =1, Q=0and R =0
-

1
— | AND W o
Q
R OR ‘:}
L—'J/

SOLUTION:

o OR

OutputS =1
CONSTRUCTING THE INPUT/OUTPUT TABLE FOR A CIRCUIT

Construct the input/output table for the following circuit.
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6-Applicition of Logic \Y{V)

AND NOT

| % S
OR
R ,_/

LABELING INTERMEDIATE OUTPUTS:

P .Hl". X Y

Q - ,.-"‘Jl

R ) = >—

FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
CONTACT::03103566137

o|lo|lo|lo|r|rRr|[FrR|—~]|T
o|lo|lr |, |O|lOC|FR|F— O
o|lr |O|lr |Oflrr|o|l— |
o|lo|lo|lo|lo|lo| ]| | X
el I =R =T ¢
Pl |Pr|lRr|Rr|[,r|lol~r|wm

FINDING A BOOLEAN EXPRESSION FOR A CIRCUIT

P ® Y T

"

| or

-~

Q fh<
AND
on >

: 1S
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6-Applicition of Logic \Y{V)

SOLUTION:
Trace through the circuit from left to right, writing down the output of each logic gate.
P T, PO
? OR 7
Q A 4 (PvQ) A (PVR)
., PWR AND
. OR 7

7

Hence (PvQ) A(PVR) is the Boolean expression for this circuit.
CIRCUIT CORRESPONDING TO A BOOLEAN EXPRESSION

EXERCISE
Construct circuit for the Boolean expression  (PAQ) v ~R

SOLUTION

P ™

Q—_AND = (PAQ)Vv~R

CIRCUIT FOR INPUT/OUTPUT TABLE:

INPUTS OUTPU
P Q R S
1 1 1 0 FOR LMS HANDLING,
1 | 1] o 1 LECTURE WATCHING
1 0 1 0 CONTACT::03103566137
1 0 0 0
0 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0
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6-Applicition of Logic

SOLUTION:
INPUTS OUTPUT
P | Q R S
1 | 1 1 0
1 | 1 0 1
1| o 1 0
1| o 0 0
0o | 1 1 1
0o | 1 0 0
0o | o 1 0
0o | o 0 0
CIRCUIT DIAGRAM:
P
Q AND \}
R De
- [So— % ~PAQAR
~F A VAN
Q AND
R
EXERCISE: _
P T — =,
0—s — AND
NOT i
| ™
— \
¢ AND
N, -
[
N AND
NOT

—% PAQA-R

—» ~PAQAR

We find the Boolean expressions for the circuits and show that they are logically
equivalent, when regarded as statement forms.
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6-Applicition of Logic \Y{V)

(PAQ)v(~PAQ)v(PA~Q)

I
'—’\[20— A \ e

! AND EP/\Q M
[T

N AND '
L~ PA~Q
NOT
STATEMENT REASON

(PAQV(PAQ) A (PA~Q)

=PAQAFPAQAPA~Q) FOR LMS HANDLING

=(PA~P)AQA (P A~Q) Distrit_)utive law ASSIGNMENT,GDB,QUIZ

=tAQ A (PAQ) Negation law SOLUTION LECTURE WATCHING
=Q A (P A-Q) Identity law CONTACT::03103566137
=(QAP)A(QA~Q) Distributive law

=(QAP) At Negation law

= (QvP)vt

=QvP identity law

=PvQ Commutative law

Thus PAQA(PAQIAPA~Q) =PAQ
Accordingly, the two circuits are equivalent
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7-Set Theory

Lecture No.7 Set theory

A well defined collection of distinct objects is called a set.

> The objects are called the elements or members of the set.

> Sets are denoted by capital letters A, B, C ..., X, Y, Z

> The elements of a set are represented by lower case letters
a,b,c ..,xvyz

> If an object x is a member of a set A, we write X € A, which

reads “x belongsto A” or “x is in A” or “x is an element of A”,
otherwise we write x ¢ A, which reads “x does not belong to A” or
“x is not in A” or “x is not an element of A”.
TABULAR FORM E means "belongs to"
/E means "does not belongs to"
We list all the elements of a set, separated by commas and enclosed within braces

or curly brackets{}.
EXAMPLES
In the following examples we write the sets in Tabular Form.
A={12 34,5} is the set of first five Natural Numbers.

B={2 46,38, ..., 50} is the set of Even numbers up to 50.
C={1,357,9, ...} isthesetof positive odd numbers.

NOTE : The symbol “...” is called an ellipsis. It is a short for “and so forth.”

and so on
DESCRIPTIVE FORM:

We state the elements of a set in words.

EXAMPLES
Now we will write the above examples in the Descriptive Form.

A = set of first five Natural Numbers.  ( Descriptive Form)
B = set of positive even integers less or equal to fifty.

( Descriptive Form)
C = set of positive odd integers. (' Descriptive Form)

SET BUILDER FORM:

We write the common characteristics in symbolic form, shared by all the
elements of the set.
EXAMPLES:
Now we will write the same examples which we write in Tabular as well as Descriptive
Form ,in Set Builder Form .

A= {xeN | x<5} (' Set Builder Form)
B={xeE | 0<x<50} (' Set Builder Form)
C={xeO|0<x} ( Set Builder Form)
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7-Set Theory VU
SETS OF NUMBERS:
1. Set of Natural Numbers <<<Important for UnderStanding "SETS"
N={123 ..}
2. f Whole Number:
Seto We (0,1 Ders ) FOR LMS HANDLING,
3 Setofl P &Sy e ASSIGNMENT,GDB,QUIZ SOLUTION
. Setof Integers LECTURE WATCHING

Z=4{.,-3,-2,-1,0,+1, 42,43, ...} CONTACT::03103566137
= {0, +1, £2, 43, ...}

{“Z” stands for the first letter of the German word for integer: Zahlen.}

4,

Set of Even Integers jo 2 k table ma aty hai
E={0,+2,+4,+6, ..}

Set of Oodci I{Tigi’s‘?’ s .j‘c?}z k table ma na aen

Set of Prime Numbers jo apny hi table ma aen or kisi ka table ma na
p= {2, 3, 5, 7, 11, 13, 17, 19, ...}aen

Set of Rational Numbers (or Quotient of Integers)

_ p
Q={x]x ZE, p.qeZ, q =0} terminating,recurring dono hon

Set of Irrational Numbers
Q =Q'.={x]|x is not rational}

For example, V2,3, 1, e, etc. non terminating, non recurring

Set of Real Numbers
R=QuUQ' simple waly

10. Set of Complex Numbers

SUBSET:

iota wal
C={z|z=x+1iy; X, yeR} Y Here, i=2

If A & B are two sets, then A is called a subset of B. It is written as A < B.
The set A is subset of B if and only if any element of A is also an element of B.
Symbolically:

REMARK:

EXAMPLES:

Let

Then

AcB < if xeA, then xeB

1. When A c B, then B is called a superset of A.

2. When A is not subset of B, then there exist at least one x € A such
that x ¢B.

3. Every set is a subset of itself.

A={1,3, 5} B
Cc={1,2 3 4} D

A c B (Because every element of AisinB)

C < B (Because every element of Cisalsoanelement of B)

A < D (Because every element of A isalso an element of D and also note
that every elementof Disin AsoD c A)
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and A is not subset of .C .
( Because there is an element 5 of A whichisnotinC)
EXAMPLE:
The set of integers “Z” is a subset of the set of Rational Number
“Q”, since every integer ‘n’ could be written as:

n
n=—e
1 Q
Hence Z c Q.
PROPER SUBSET:
Let A and B be sets. A'is a proper subset of B, if and only if, every element of A

is in B but there is at least one element of B that is not in A, and is denoted
as A c B.

EXAMPLE:
Let A={1, 3,5} B={1,2 3,5}
then A — B ( Because there is an element 2 of B which is not in A).

EQUAL SETS:
Two sets A and B are equal if and only if every element of Aisin B and every
element of B is in A and is denoted A = B.
Symbolically:
A=BiffAcBandBc A

EXAMPLE:
Let A={1,2, 3,6} B =thesetof positive divisors of 6
C={3,1,6,2} D={1,2223,6,6,6}
Then A, B, C, and D are all equal sets.

NULL SET:
A set which contains no element is called a null set, or an empty set or a
void set. It is denoted by the Greek letter & (phi) or { }.
EXAMPLE
A= {x|xisaperson taller than 10 feet} = &
( Because there does not exist any human being which is taller then 10 feet )
B={x|x*=4,xisodd} =@
(Because we know that there does not exist any odd number whose square is 4)

REMARK
@ is regarded as a subset of every set.
EXERCISE:
Determine whether each of the following statements is true or false.
a. x e {x} TRUE
( Because x is the member of the singleton set { x })
a. {xjc {x} TRUE
( Because Every set is the subset of itself.
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Note that every Set has necessarily two subsets & and the Set itself. These two subset are
known as Improper subsets and any other subset is called Proper Subset)

a {xX} e{x} FALSE
( Because {x} is not the member of {x} ) Similarly other
d.  {¢ e{{x}} TRUE
e. c{x} TRUE
f. @e{x} FALSE

UNIVERSAL SET:
The set of all elements under consideration is called the Universal Set. The
Universal Set is usually denoted by U.

Example
A={2,46}
B={1,35} FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
Universal sst=U={1,2,3,4,56} SOLUTION LECTURE WATCHING

CONTACT::03103566137

VENN DIAGRAM:
A Venn diagram is a graphical representation of sets by regions in the plane.
The Universal Set is represented by the interior of a rectangle, and the other sets
are represented by disks lying within the rectangle.

FINITE AND INFINITE SETS:
A set S is said to be finite if it contains exactly m distinct elements where m
denotes some non negative integer.
In such case we write |S| =m or n(S) =m
A set is said to be infinite if it is not finite.

EXAMPLES:
1. The set S of letters of English alphabets is finite and |S| = 26
2. The null set & has no elements, is finite and |J]| = 0
3. The set of positive integers {1, 2, 3,...} is infinite.
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EXERCISE:

Determine which of the following sets are finite/infinite.

(=

IF
F
F
IF
F
IF

No ak~kwn

A = {month in the year}
B = {even integers}

C = {positive integers less than 1}
D = {animals living on the earth}

E = {lines parallel to x-axis}

F={xeR|x%+29x*-1=0}

G = {circles through origin}

MEMBERSHIP TABLE:

FINITE
INFINITE
FINITE
FINITE
INFINITE
FINITE
INFINITE

A table displaying the membership of elements in sets. To indicate that
an element is in a set, a 1 is used; to indicate that an element is not in a set, a 0 is

used.

Membership tables can be used to prove set identities.

A A°
1 0
0 1

FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
CONTACT::03103566137

The above table is the Membership table for Complement of A. Now in the
above table note that if an element is the member of A, then it cannot be the
Member of A° thus where in the table we have 1 for A in that row we have 0

in A°,

Similarly, if an element is not a member of A, it will be the member of A°.
So we have 0 for A and 1 for A°.
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Lecture No.8 Venn diagram

UNION: INCLUDE ALL SETS IN ONE SET{}
Let A and B be subsets of a universal set U. The union of sets A and B is the set

of all elements in U that belong to A or to B or to both, and is denoted A U B.

Symbolically:
AuB={xeU|xeAorxeB}
EMAMPLE:
LetU={a b,c def g}
A={ac e g}, B={d e f g}
Then AuB={xeU|xeAorxeB}
={a,c d, e f g}

VENN DIAGRAM FOR UNION:

U

FOR LMS HANDLING,

ASSIGNMENT,GDB,QUIZ SOLUTION

AU B is shaded LECTURE WATCHING
CONTACT::03103566137

REMARK:
1. AU B =B U A that is union is commutative you can
prove this very easily only by using definition.
2. AcAuB and BcAUB
The above remark of subset is easily seen by the definition of union.

MEMBERSHIP TABLE FOR UNION:

A B AUB

1 1 1 UNION HAVE "OR TRUTH TABLE"

1 0 1 OR WE CAN SAY DIJUNCTION(v)
TRUTH TABLE

0 1 1

0 0 0

REMARK:
This membership table is similar to the truth table for logical connective,

disjunction (v).
INTERSECTION:ONLY COMMON VALUE IN ALL SETS ARE WRITTEN IN INTERSESTION SET{}

Let A and B subsets of a universal set U. The intersection of sets A and B is the
set of all elements in U that belong to both A and B and is denoted A n B.

Symbolically:

AnB={xeU|x e Aand x eB}
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EXMAPLE:
Let U={ab,cdefqg}
A={a,c, e g}, B={d, e f g}
Then AnB={e g}
ﬂ ’
VENN DIAGRAM FOR INTERSECTION: AN Bis shaded
REMARK:

1. AnB=BnA
2. AnBcA and AnNnBcB
3. If AnB=4¢, then A & B are called disjoint sets.

MEMBERSHIP TABLE FOR INTERSECTION:

A B AnB

1 1 1

1 0 0 FOR LMS HANDLING,

0 1 0 ASSIGNMENT,GDB,QUIZ

0 0 0 SOLUTION LECTURE WATCHING

CONTACT::03103566137
REMARK:

This membership table is similar to the truth table for logical connective, conjunction (A).

DIFFERENCE:
Let A and B be subsets of a universal set U. The difference of “A and B” (or
relative complement of B in A) is the set of all elements in U that belong to A but
not to B, and is denoted A — B or A\ B.
Symbolically:
A-B={xeU|x e Aand x¢B}

EXAMPLE:
Let U={a b,cdefg}
A={a,c, e g}, B={d e f g}
Then A-B={ac}

VENN DIAGRAM FOR SET DIFFERENCE:

A-B is shaded
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REMARK:

1. A—-B=B- A thatis Set difference is not commutative.
2. A-BcA
3. A-B,AnBand B — A are mutually disjoint sets.

MEMBERSHIP TABLE FOR SET DIFFERENCE:

A-B

o|lo|r|—|>
o|lr|o|l~|w

o|lo|r|o] !

REMARK:
The membership table is similar to the truth table for ~ (p —q).
COMPLEMENT:
Let A be a subset of universal set U. The complement of A is the set of all
element in U that do not belong to A, and is denoted AN, A or Ac
Symbolically:
A°={x eU|x ¢A}

EXAMPLE:
Let U={anbcdefq]
A={a,c, e 0}
Then A°={b, d, f}
VENN DIAGRAM FOR COMPLEMENT:

U
Ac

FOR LMS HANDLING,

ASSIGNMENT,GDB,QUIZ SOLUTION
AC is shaded LECTURE WATCHING

REMARK - CONTACT::03103566137

1. A=U-A
2. ANA°=¢
3. AUA=U

MEMBERSHIP TABLE FOR COMPLEMENT:

A A°
1 0 NIGATION(-)TRUTH TABLE
0 1 NOT TRUTH TABLE
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REMARK
This membership table is similar to the truth table for logical connective
negation (~)
EXERCISE:
Let U={1,23,..., 10}, X={1 2,3, 4,5}
Y={y|ly=2x xeX} Z={z|72*-9z+14=0}
Enumerate:
XY @VYuz () X-z
(4)Y* (6) X* -2z 6)(X-2)°
Firstly we enumerate the given sets.
Given

u={1,23, ..., 10},
X={12,3, 4,5}
Y={y|ly=2x,xeX}={2,4,6,8, 10}
Z={z|2?-9z+14=0}={2, 7}

) XNnY={1234,5}n{2 4,6, 8, 10}

={2 4}
2 Yuz={2 46,8, 10} U {2, 7}
={2,4,6,7,8, 10}
(B) X-Z={1,2,345-{2 7}
= {1, 3, 4, 5}
(4  Y=U-Y={1,23, ..,10}—{2 4, 6,8, 10}
={1,3,5,7, 9}
6 X°=4{6,7,80910} FOR LMS HANDLING,
Z° = {1,3,4,5,6,8,9 10} ASSIGNMENT,GDB,QUIZ
x° ~7°={6,7,8,9,10} — {1, 3,4,5,6,8,9, 10} SOLUTION LECTURE
= {7} WATCHING
6 (X-2°=U-(X-2) CONTACT::03103566137
={1,2,3,...,10} - {1, 3,4, 5}
={2,6,7,8,9, 10}
NOTE (X —Z)°# X°-Z°
EXERCISE:

Given the following universal set U and its two subsets P and Q, where
U={x|xeZ0<x<10}
P ={x| x is a prime number}
Q= {x|x* <70}
(i)  Draw a Venn diagram for the above
(i)  List the elements in Pc N Q
SOLUTION:
First we write the sets in Tabular form.
U={x|xeZ 0<x<10}
Since it is the set of integers that are greater then or equal 0 and less or equal to
10. So we have
u={0,1,23, ..., 10}
P ={x | x is a prime number}

49

© Copyright Virtual University of Pakistan



8-Venn diagram

VU

It is the set of prime numbers between 0 and 10. Remember Prime numbers are
those numbers which have only two distinct divisors.

P={235T7}

Q = {x|x* <70}
The set Q contains the elements between 0 and 10 which have their square less or
equal to 70.

Q={0,1,23,4,5,6,7, 8}
Thus we write the sets in Tabular form.

VENN DIAGRAM:

U
Q
0,1,4,6,8
T 9,10
(i) PPNQ="7
PP=U-P={0,1,23,...,10}-{2, 3,5, 7}
={0,1,4,6,8,9, 10}
and
PPnQ={0,1,4,6,81910}n{0,1,23,4,5,6,7,8}
={0,1,4,6,8
EXERCISE:
Let

U={1,22345} C={1,3}

and A and B are non empty sets. Find A in each of the following:

i AuB=U, AnB=¢ and B={1}

(i) AcB and AuB={45}
@) AnB={3}, AuB={23,4 ad BuC={123}
(iv)  Aand B are disjoint, B and C are disjoint, and the union of A and B

is the set {1, 2}.
(v)
(i) AuB=U, AnB=¢ and B={1}

SOLUTION:
SinceAuB=U={1, 2,3, 4,5}
and An B =¢,
Therefore A=B‘={1¥={2 3 4,5}

(i) AcB and AuB={45} also C={1,3}

SOLUTION:
When A < B, then Au B =B ={4,5}
Also A being a proper subset of B implies
A={4} or A={5}

© Copyright Virtual University of Pakistan
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(i) AnB={3},AuB={23,4tand B U C ={1,2,3}
Also C ={1, 3}
SOLUTION

€!§§b U

Since we have 3 in the intersection of A and B as well as in C so we place 3

in common part shared by the three sets in the Venn diagram. Now since 1 is
in the union of B and C it means that 1 may be in C or may be in B, but 1cannot
be in B because if 1 is in the B then it must bein A w B but 1 is not there, thus
we place 1 in the part of C which is not shared by any other set. Same is the
reason for 4 and we place it in the set which is not shared by any other set.

Now 2 will be in B, 2 cannot be in A because A N B = {3}, and is not in C.

SoA={3,4}and B ={2, 3}

(iv) AnB=¢, BnC=¢, AuB={1,2}
Also C ={1, 3}
SOLUTION
U
(A (7
(N N2
3 € 4,5
A={1}
EXERCISE:

Use a Venn diagram to represent the following:
i (AnB)nC®
@iy A*'uBUC)
@)y (A-B)nC
(iv) (AnB9uC’

2

FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ
SOLUTION LECTURE
WATCHING
CONTACT::03103566137

51

© Copyright Virtual University of Pakistan



8-Venn diagram \Y{V)

(i) (AnB)nC®

>

(A n B) n CCis shaded

U
8

(i) A°uU (B u C) is shaded.

(i) (A-B)nC

3 B U

Vap;

8

(A—B) n Cis shaded
FOR LMS HANDLING,

_ o ASSIGNMENT,GDB,QUIZ SOLUTION
(iv)  (AnB%)uCisshaded. LECTURE WATCHING

CONTACT::03103566137
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PROVING SET IDENTITIES BY VENN DIAGRAMS:

Prove the following using Venn Diagrams:
i) A-(A-B)=ANnB
(i) (AnB)=A°UB°®
(i) A-B=AnB°

SOLUTION (i)
A-(A-B)=ANB

v A={1,2}
BE={23}
A-B={1]}
4
A —B 1z shaded
9]
A={1,21
A-B={1}
A-(A-BY=1{12)
4
& — (A —B)is shaded
e U
4
& Bz shaded
A={1.21 FOR LMS HANDLING, ASSIGNMENT,GDB,QUIZ
B=12731 SOLUTION LECTURE WATCHING
L B={11 CONTACT::03103566137

REESULT: A -(A-B)=AnB

© Copyright Virtual University of Pakistan
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SOLUTION (i)
(ANnB)=A°UB*®

7 FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ
SOLUTION LECTURE WATCHING
CONTACT::03103566137
4

A1z shaded.

Bcis shaded
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Now diagrams (a) and (b) are same hence
RESULT: (AnB)=A°UB®

SOLUTION (ii)
A-B=ANB°
U
FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
CONTACT::03103566137
4
A — B 1z shaded.
--------- @
u
4
B* iz shaded.
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A B iz shaded

From diagrams (a) and (b) we can

RESULT: A-B=AnNnB°

say

PROVING SET IDENTITIES BY MEMBERSHIP TABLE:

Prove the following using Membership Table:

() A-(A-B)=ANB

(i) (ANBSF=A°UB®
(i) A-B=ANB®

SOLUTION (i)

A-(A-B)=ANB

FOR LMS HANDLING,
ASSIGNMENT,GDB,QUIZ SOLUTION
LECTURE WATCHING
CONTACT::03103566137

Al B | AB | A(AB) | AB
11| o 1 1
1l o 1 0 0
ol 1] o 0 0
ol o[ o 0 0

Since the last two columns of the above table are same hence the
corresponding set expressions are same. That is
A-(A-B)=AnNnB

SOLUTION (ii)

(ANnB)=A° UB®

Al B | AB [(AB)Y|A°|BlASUB]
11| 1 0o [ofo] o
1|o| o 1 |of1 1
o[1] o 1 1o 1
ofo| o 1 11 1
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Since the fourth and last columns of the above table are same hence the
corresponding set expressions are same. That is
(AnB)Y=A°UB®
SOLUTION (iii)
A|B|A-B| B  [A~B®
1(1 0 0
1[0 1 1 1
0f1 0 0 0
0O 0 1 0
57
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Lecture No.9 Set identities

SET IDENTITIES: ALL LAWS ARE VERY IMPORTANT

Let A, B, C be subsets of a universal set U.

1. Idempotent Laws
a. AUA=A b. ANnA=A
2. Commutative Laws
a. AUB=BUA b. AnNnB=BnA
3. Associative Laws
a. AuvuBulC)=(AuB)uC
b. AnBnC)=(AnB)nC
4, Distributive Laws

a. AuBnNnC)=(AuB)n (AUC)
b. AnBul)=(AnB)UANC)
5. Identity Laws
a. AUd=A bANT=J
C. AuU=U dAnNnU=A
6. Complement Laws
a. AUA=U b ANA=J
C. uc=yg d g¢=U
8. Double Complement Law
(A)°=A
9. DeMorgan’s Laws
a. (AuB)=A""B° b.(AnB)=A°UB*
10. Alternative Representation for Set Difference
A-B=AnNnPB
11. Subset Laws
a. AuBcCiffAcCandBcC
b. CcANnBiffCcAandCcB
12. Absorption Laws
a. AUAuUB) =A b An(AuB)=A

EXAMPLE 1:
1. AcAUB FOR LMS HANDLING,

5 A_BcA ASSIGNMENT,GDB,QUIZ SOLUTION
' = LECTURE WATCHING
3. fAcBandBcCthenAcC CONTACT::03103566137
4. AcBif,andonlyif B°c A°
1. Provethat Ac AuUB
SOLUTION
Here in order to prove the identity you should remember the
definition of Subset of a set. We will take the arbitrary element of a set then show
that, that element is the member of the other, then the first set is the subset of the
other. So
Let x be an arbitrary element of A, that is X €A.
= X eAor X eB
= XeAuB

But x is an arbitrary element of A.

PROVE MAY COME IN PAPER
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AcAuUB (proved)

2. Provethat A-Bc A
PROVE MAY COME IN PAPER

SOLUTION
Letx cA-B

= X eAand x ¢B (by definition of A — B)
= X eA (in particular)

But x is an arbitrary element of A— B
L A-BcA (proved)

3. ProvethatifAcBandBc C,thenAcC

SOLUTION

Supposethat AcBandBc C
Consider x €A

= X €B (as Ac B)

= x eC (asB <= Q)

But x is an arbitrary element of A

s AcC (proved)

4. ProvethatAcBiffB°c A°

SOLUTION:

Suppose Ac B {To prove B° ¢ A%}

Let xeB°

= x¢B (by definition of B)

= XA

= XeA° (by definition of A%

Now we know that implication and its contrapositivity are logically equivalent
and the contrapositive statement of if x eAthenx B is: if x B then x ¢A
which is the definition of the A < B. Thus if we show for any two sets A and B, if
X ¢B then x ¢ A it means that

A c B. Hence
But x is an arbitrary element of B°
. B A°
Conversely,
Suppose B c A° {Toprove Ac B}
Let x eA
= X g A° (by definition of A°)
. X ¢ B¢ ( B¢ - AC)
= X eB (by definition of B®)
But x is an arbitrary element of A.
. AcB (proved)
EXAMPLE 2:

Let A and B be subsets of a universal set U.
Prove that A— B = A n B®.
SOLUTION
Letx e A-B
= XeAandx ¢ B (definition of set difference)
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= xeAandx e B (definition of complement)

= xe AnB° (definition of intersection)
But x is an arbitrary element of A — B so we can write
A—B c AN BC ......................... (1)
Conversely,
lety e ANB°
= yeAandy € B° (definition of intersection)
= yeAandy ¢ B (definition of complement)
=>yeA-B (definition of set difference)
But y is an arbitrary element of A n B¢
L ANBCA-B... ... )
From (1) and (2) it follows that
A-B=AnNnB° (as required)
EXAMPLE 3:
Prove the DeMorgan’s Law: (Au B)*=A*nB°
PROOF
Let x e(AUB) ¢
= X¢AUB (definition of complement)
X ¢Aandx ¢ B (DeMorgan’s Law of Logic)
= x eA°and x € B° (definition of complement)
= X eA°Nn B° (definition of intersection)
But x is an arbitrary element of (AUB) © so we have proved that
S (AUB) A NBSLLLL. L. (1)
Conversely
lety e AN B¢
= yeA®andy e B° (definition of intersection)
= yg¢Aandy ¢ B (definition of complement)
= yeAUB (DeMorgan’s Law of Logic)
=>ye(AuB)°© (definition of complement)
But y is an arbitrary element of A° n B®
AN B (AU B) S )

From (1) and (2) we have
(AuB)‘= AN B°
Which is the DeMorgan's Law.

EXAMPLE 4:
Prove the associative law: AN(BNC)=(AnB)nC
PROOF:
Considerx eAn (BN C)

= XeAandxeBnC (definition of intersection)
= XeAandx eBandx € C (definition of intersection)
= XeAnBandx eC (definition of intersection)
= xe(AnB)nC (definition of intersection)

But x is an arbitrary element of A n (B " C)
~ANBNC)c(AnB)nC...... (D
Conversely
letye(AnB)nC
= yeAnBandy eC (definition of intersection)
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= yeAandy e Bandy € C (definition of intersection)
= yeAandyeBnC (definition of intersection)
=yeAn(BNC) (definition of intersection)
But y is an arbitrary element of AN B) n C
o ANnB)NnCcANnBMNO)........ 2
From (1) & (2), we conclude that
AnBnNnC)=(AnB)nC (proved)
EXAMPLE 5:
Prove the distributive law: AU BNC)=(AuB)n(AuC)
PROOEF:
Letx eAu (BN C)
= xeAorxeBnC (definition of union)
Now since we have x eA or x € B n C it means that either x isin Aorin An B
itisinthe AU (B n C)soinorder toshow that
A U (B n C) is the subset of (A L B) N (A U C) we will consider both the cases
when x isin Aor xisin B n C. So we will consider the two cases.

CASE I:

(when x €A)

= xeAuBandx eAuC (definition of union)
Hence,

xe(AuB)n(AuUC) (definition of intersection)

CASE I1I:

(whenx e BN C)
We have x eB and x €C (definition of intersection)
Nowx eB=>x cAuUB (definition of union)
andx eC=>xeAuC (definition of union)

Thusx eAuBandx eAuC
= XxXe(AuB) Nn(AUC)
In both of the casesx e (AU B) N (AU C)
Accordingly,
AuBNC)c(AuB) n(AuUCQ)...... Q)
Conversely,
Suppose x e(AuB)N (AU C)
= X e(AuB)andx (A U C) (definition of intersection)

Consider the two cases X €A and x A

CASE I (when x €A)
We have x eA U (B n C) (definition of union)
CASE II: (when x gA)

Since X e AU B and x ¢A, therefore x eB
Also, since x e A C and x ¢A, therefore x €C. Thus x eB and x €C
Thatis,x eBC
= XeAu(BnOQC) (definition of union)

Hence in both cases

xeAu (BnCQC)
SJAUB)NCAUC)cAuBNO)........ )
By (1) and (2), it follows that
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AuBNC)=(AuB)n(AuC) (proved)
EXAMPLE 6:
For any sets A and B if A < B then
@ AnB=A (9)] AuB=B
SOLUTION:

(@) LetxeAnB
= xeAandx €B
= XeA (in particular)

Hence ANBcC Ao Q)
Conversely,

let x €A.

Then x B (since A c B)

Now x €A and x €B, thereforex eAn B

Hence, AcANB.....ccocee. 2

From (1) and (2) it follows that

A=ANnB (proved)

(b) Provethat AU B=BwhenAcB
SOLUTION:

Suppose that A < B. Consider x eA U B.

CASE | (when x €A)
Since AcB,xeA=>xeB

CASE I (when x ¢A)

Since x eA U B, we have x B

Thus x B in both the cases, and we have
AUBCB... ..o @

Conversely

let x €B. Then clearly, x eA U B
HenceBCc AUB......cccocee.. 2
Combining (1) and (2), we deduce that
AuB=B (proved)
USING SET IDENTITIES:
For all subsets A and B of a universal set U, prove that
(A-B)U(AnB)=A

PROOF:
LHS =(A-B)U(AnDB)

=(AnBY)YU(ANB) (Alternative representation for set
difference)

=An (B°UB) Distributive Law

=AnU Complement Law

=A Identity Law

= RHS (proved)

The result can also be seen by Venn diagram.
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@

A-B ANB

EXAMPLE 7:
For any two sets A and B prove that A—-(A-B)=ANB
SOLUTION
LHS = A-(A-B)

=A-(An B Alternative representation for set difference
= A N (A n B ¢ Alternative representation for set difference
=An (A°U (B9 DeMorgan’s Law
=An (A°uUB) Double Complement Law
= (AN AU (AN B) Distributive Law
=JdU(ANB) Complement Law
=ANnB Identity Law
= RHS (proved)

EXAMPLE 8:

For all set A, B, and C prove that (A-B)-C=(A-C)-B
SOLUTION

LHS=(A-B)-C

(AN B —C Alternative representation of set difference
(A n B°) n C° Alternative representation of set difference
=An (BN CY Associative Law
=ANn(C°NnBY Commutative Law
=(ANnC)YnB° Associative Law
= (A-C) nB® Alternative representation of set difference
=(A-C)-B Alternative representation of set difference
= RHS (proved)

EXAMPLE 9:
Simplify (B°U (B°*-A))°
SOLUTION
B°UB-A)) =(B‘UBNAY)C
Alternative representation for set difference
=BYNn(B°nA"° DeMorgan’s Law
=B N ((BY)° U (A% DeMorgan’s Law
=BNn(BUA) Double Complement Law
=B Absorption Law
which is the simplified form of the given expression.

PROVING SET IDENTITIES BY MEMBERSHIP TABLE:
Prove the following using Membership Table:
) A-(A-B)=ANnB
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(i)
(iii)

Solution (i): A-(A-B)=AnB

(AnB)=A°UB®
A-B=AnNnB°

A| B|A-B| A-(A-B) | A~B
1{1] o 1 1
1{o] 1 0 0
o|l1] o 0 0
ojlof o 0 0
Solution (ii): (ANB)’=A® UB®
A| B [AnB|(AnB)‘| A°|B°|A°UB®
1 1 1 0 0o 0
1 0 0 1 0] 1 1
0 1 0 1 1|0 1
0 0 0 1 1|1 1
Solution (iii): A-B=AnB°
A[B| A-B | B°| AnB®
1(1 0 0 0
110 1 1 1
01 0 0 0
0[O0 0 1 0
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10-Appliciations Of Venn diagram
Lecture No.10 Applications of Venn diagram
Exercise:

A number of computer users are surveyed to find out if they have a
printer, modem or scanner. Draw separate Venn diagrams and shade the areas,
which represent the following configurations.

1. modem and printer but no scanner
2. scanner but no printer and no modem
3. scanner or printer but no modem.
4. no modem and no printer.
SOLUTION
Let
P represent the set of computer users having printer.
M represent the set of computer users having modem.
S represent the set of computer users having scanner.
SOLUTION (i)
Modem and printer but no Scanner is shaded.
GO
SOLUTION (ii)
Scanner but no printer and no modem is shaded.
V)
SOLUTION (iii)
Scanner or printer but no modem is shaded.
U
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SOLUTION (iv)
No modem and no printer is shaded.

A
4%
.+ /

Of 21 typists in an office, 5 use all manual typewriters (M), electronic
typewriters (E) and word processors (W); 9 use E and W; 7 use M and W; 6 use M
and E; but no one uses M only.

(i) Represent this information in a Venn Diagram.

(i) If the same number of typists use electronic as use

word processors, then

1. (a) How many use word processors only,

2. (b) How many use electronic typewriters?
SOLUTION (i)

S
(25
o/

SOLUTION (ii-a)
Let the number of typists using electronic typewriters (E) only be x, and the
number of typists using word processors (W) only be y.

S
(20
\w/

Total number of typists using E = Total Number of typists using W
1+5+4+x=2+5+4+y
or, X =Y = L @
Also, total number of typists = 21
= 0+x+y+1+2+4+5=21
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or, XY T 0 2
Solving (1) & (2), we get
x=5 y=14

.. Number of typists using word processor only isy = 4

(ii)-(b) How many typists use electronic typewriters?

SOLUTION:

Typists using electronic typewriters = No. of elements in E
=1+5 +4+x
=1+5+4+5
=15

EXERCISE

In a school, 100 students have access to three software packages,
A,BandC
28 did not use any software
8 used only packages A
26 used only packages B
7 used only packages C
10 used all three packages
13 used both A and B
(i) Draw a Venn diagram with all sets enumerated as for as possible.
Label the two subsets which cannot be enumerated as x and y, in any
order.
(i) If twice as many students used package B as package A, write down a
pair of simultaneous equations in x and y.
(iii)  Solve these equations to find x and y.
(iv)  How many students used package C?

SOLUTION()

Venn Diagram with all sets enumerated.

A
a8
.

(i) If twice as many students used package B as package A, write down a
pair of simultaneous equations in x and y.

SOLUTION(ii):

We are given that
Number of students using package B = 2 (Number of students using package A)
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Now the number of students which used package B and A are clear from the
diagrams given below. So we have the following equation

= 3+10+26+y= 2(8+3+10+x)

= 39+y = 42 + 2x
or y = 2X+ 3 @

Also, total number of students = 100.
Hence,8 +3+26+10+ 7+ 28+ x+y =100
or 82 + x +y =100
or XAY T L8 i @
(iii) Solving simultaneous equations for x and y.

SOLUTION(iii):
Y= 2X+ 3 Q)
XY =18 i 2
Using (1) in (2), we get,
X+ (2x+3) =18
or 3x +3=18
or 3x =15
X=5
Consequently y=13
How many students used package C?
SOLUTION (iv) :

No. of students using package C
=x+y+10+7
=5+13+10+7
=35

EXAMPLE:
Use diagrams to show the validity of the following argument:
All human beings are mortal
Zeus is not mortal
Zeus is not a human being
SOLUTION:

The premise “All human beings are mortal is pictured by  placing
a disk labeled “human beings” inside a disk labeled “mortals". We place the disk
of human Beings in side the Disk of mortals because there are things which are

mortal but not Human beings so the set of human beings is subset of set of
Mortals.

mortals

human
beings
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The second premise “Zeus is not mortal” could be pictured by placing a dot
labeled “Zeus” outside the disk labeled “mortals”

mortals

human
beings

o Zeus

Argument is valid.

EXAMPLE:

Use a diagram to show the invalidity of the following
argument:

All human beings are mortal.
Farhan is mortal

Farhan is a human being
SOLUTION:

The first premise “All human beings are mortal” is pictured as:

mortals

The second premise “Farhan is mortal” is represented by a dot labeled “Farhan”
inside the mortal disk in either of the following two ways:

mortals
mortals

argument is invalid.

EXAMPLE

Use diagrams to test the following argument for validity:
No polynomial functions have horizontal asymptotes.
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This function has a horizontal asymptote.
This function is not polynomial.

SOLUTION
The premise “No polynomial functions have horizontal
asymptotes” can be represented diagrammatically by twodisjoint disks labeled
“polynomial functions” and “functions with horizontal tangents.

functions
with
horizontal
asymptotes

polynomial

functions

The argument is valid.

EXERCISE:
Use a diagram to show that the following argument can have
true premises and a false conclusion.
All dogs are carnivorous.
Jack is not a dog.
Jack is not carnivorous
SOLUTION:
The premise “All dogs are carnivorous” is pictured by placing
a disk labeled “dogs” inside a disk labeled “carnivorous”. :

carnivorous

The second premise “Jack is not a dog” could be represented by placing a dot
outside the disk labeled “dogs” but inside the disk labeled “carnivorous” to make the
conclusion “Jack is not carnivorous” false.

carnivorous

Jack ¢

dogs
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EXERCISE:

Indicate by drawing diagrams, whether the argument is valid
or invalid.
No college cafeteria food is good.
No good food is wasted.
No college cafeteria food is wasted.

SOLUTION
The premise “No college food is good” could be represented by
two disjoint disks shown below.

college good
cafeteria food

food

The next premise “No good food is wasted” introduces another disk labeled
“wasted food” that does not overlap the disk labeled “good food”, but may
intersect with the disk labeled “college cafeteria food.”

college

cafeteria good food
food
wasted food
Argument is invalid
PARTITION OF A SET
A set may be divided up into its disjoint subsets. Such division is called a

partition.
More precisely,

A partition of a set A is a collection of non- empty subsets
{A A,, ...A} of A, such that

1. A=A /U A U...UA
2. AL A, ..., A, are mutually disjoint (or pair wise disjoint),
e, Vij=1,2,...,nA, mAj = (& whenever i # |
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A partition of a set
POWER SET:
The power set of a set A is the set of all subsets of A, denoted P(A).
EXAMPLE:
Let A = {1, 2}, then
P(A) ={9, {1}, {2}, {1, 2}}
REMARK:
n
If A has n elements then P(A) has 2 elements.
EXERCISE
a. Find P(Q) b. Find P(P(2)) c. Find P(P(P(2)))
SOLUTION:
a. Since & contains no element, therefore P(<J) will contain 2°=1 element.
P(@) = {2} 1
b. Since P(@) contains one element, namely ¢, therefore P(Z) will contain 2
= 2 elements
P(P(@)) = {0{<}}
c. Since P(P(@))Zcontains two elements, namely & and {3}, so P(P(P(2)))
will contain 2 = 4 elements.
P(P(P(2)))= {0 {0} {{}}, {0 {T}}}
72
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Lecture No.11 Relations

ORDERED PAIR:

An ordered pair (a, b) consists of two elements “a” and “b” in which “a” is the
first element and “b” is the second element.

The ordered pairs (a, b) and (c, d) are equal if, and only if, a= cand b = d.

Note that (a, b) and (b, a) are not equal unless a = b.
EXERCISE:

Find x and y given (2x, X +y) = (6, 2)
SOLUTION:

Two ordered pairs are equal if and only if the
corresponding components are equal. Hence, we obtain the equations:
2X =6 o Q)
and X+HY =2 2

Solving equation (1) we get x = 3 and when substituted in (2) we get y = -1.

ORDERED n-TUPLE:
The ordered n-tuple (a,, a,,

.,a,) consists of elements a,, a,, ..., a, together with

the ordering: first a, second a,, and so forth up to a,_. In particular, an ordered 2-

tuple is called an ordered pair, and an ordered 3-tuple is called an ordered triple.
Two ordered n-tuples (a,, a,, ..., an) and (b, b,, ..., b ) are equal if

and only if each corresponding pair of their elements is equal, i.e., a; = bj, for all
i,j=1,2,...,n

CARTESIAN PRODUCT OF TWO SETS:

Let A and B be sets. The Cartesian product of A and B, denoted by A x B (read

as “A cross B”) is the set of all ordered pairs (a, b), where a is in A and b is in B.
Symbolically:

AxB={(a b)aecAandb B}
NOTE: If set A has m elements and set B has n elements then A xB has m x n elements.

EXAMPLE:
Let A={1, 2}, B={a, b, c} then
AxB={(,a), (1 Db),(10c),(2a), (2 b),(2c)}
BxA={(@1), (@ 2), (b, 1), (b, 2), (c, 1), (c, 2)}
AxA={1,1), 12, (21),(2 2}

B x B={(a, a), (a h), (a, ¢), (b, a), (b, b), (b, c), (c, a), (c, b),(c, )}
REMARK:

1. A x B =B x A for non-empty and unequal sets A and B.
2. Axd=oxA=9¢
3. |AxB|=]A|l x|B|
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CARTESIAN PRODUCT OF MORE THAN TWO SETS:
The Cartesian product of sets A, A, ..., A, denoted A;x A, x ... xA_ is the set
of all ordered n-tuples (a, a,, ...,a ) whereal €A, a, eA,,...,a, €A
Symbolically:
Ax A, x ... xA ={(@;a, ...,a)|a €A fori=1,2, ..., n}

n-

BINARY RELATION:
Let A and B be sets. The binary relation R from A to B is a subset of A x B.
When (a, b) eR, we say ‘a’ is related to ‘b’ by R, written aRb.
Otherwise, if (a, b) ¢R, we write a K b.

EXAMPLE:
Let A = {1, 2}, B={1 2 3}
Then A x B = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)}

Let
R1={(1.2), (1, 3), (2, 2)}
R2={(1,2), (2 1), (2, 2), (2, 3)}
R3={(1, 1)}
R4=AxB
R5=J
All being subsets of A x B are relations from A to B.

DOMAIN OF A RELATION:
The domain of a relation R from A to B is the set of all first elements of the
ordered pairs which belong to R denoted by Dom(R).
Symbolically,

Dom (R) ={a €A | (a, b) eR}

RANGE OF A RELATION:
The range of a relation R from A to B is the set of all second elements of the
ordered pairs which belong to R denoted Ran(R).
Symbolically,

Ran(R) ={b eB | (a, b) € R}
EXERCISE:
Let A={1,2} B={1,2 3},
Define a binary relation R from A to B as follows:
R={(a, b) eAxB|a<b}
Then
a. Find the ordered pairs in R.
b. Find the Domain and Range of R.
c. Is1R3, 2R2?
SOLUTION:

Given A={1,2} B={1,2 3},

A xB={(11), (1,2, (1,3), (2,1), (2,2), (2,3)}
a. R={(a,b) eAxB|a<b}
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R={(12), (1.3), 2.3)}
b. Dom(R) = {1,2} and Ran(R) = {2, 3}
c. Since (1, 3)eR so 1R3
But (2, 2) R so 2 is not related with3 or 2 R"2

EXAMPLE:
Let A = {eggs, milk, corn} and B = {cows, goats, hens}
Define a relation R from A to B by (a, b) eR iff a is produced by b.
Then R = {(eggs, hens), (milk, cows), (milk, goats)}
Thus, with respect to this relation eggs R hens , milk R cows, etc.

EXERCISE :
Find all binary relations from {0,1} to {1}
SOLUTION:
Let A={0,1} & B={1}
Then A xB={(0,1), (1,1)}
All binary relations from A to B are in fact all subsets of
A xB, which are:
R1=9
R2={(0.1)}
R3={(1.1)}
R4={(0,1), (1,1)} =AxB

REMARK:
If|Al=mand |B|=n
Then as we know that the number of elements in A x B are m x n. Now as we
qu(inY that the total number of and the total number of relations from A to B are

2

RELATION ON A SET:
A relation on the set A is a relation from A to A.

In other words, a relation on a set A is a subset of A x A.

EXAMPLE:
Let A={1, 2,3, 4}
Define a relation R on A as
(a,b) € R iff adivides b {symbolically written as a | b}
Then R = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4), (3,3), (4,4)}
REMARK:

For any set A
1. A x Ais known as the universal relation.
2. O is known as the empty relation.

EXERCISE:
Define a binary relation E on the set of the integers Z, as follows:
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for all mn €Z, mE n< m-nis even.
a. Is OEQ? Is 5E2? Is (6,6) eE? Is (-1,7) eE?
b. Prove that for any even integer n, nEO.

SOLUTION
E={(m, n) eZxZ|m-niseven}
a. (i) (0,0) e ZxZand0-0=0 is even
Therefore OEO.
(i) Since (5,2)eZ xZ but 5-2 = 3 is not even

S0 5?2

(iii) (6,6) € E since 6-6 =0 is an even integer.
(iv) (-1,7) eE since (-1) —7 =-8 is an even integer.
b. For any even integer, n, we have
n-0=n, an even integer
so (n, 0) eE  or equivalently n E O

COORDINATE DIAGRAM (GRAPH) OF A RELATION:

Let A={1, 2, 3}and B = {x, y}
Let R be a relation from A to B defined as

R={1y) (2 x) 2Y) 3 x}
The relation may be represented in a coordinate diagram as follows:

Rt
B |
S A
123 ]
A
EXAMPLE:
Draw the graph of the binary relation C from R to R defined as follows:
forall (x,y) eR xR, (X, y) eC<=x2+y2=1

SOLUTION

All ordered pairs (X, y) in relation C satisfies the equation x2+y2=1,
which when solved for y gives:

Clearly y is real, whenever -1 <x <1

Similarly x is real, whenever -1 <y <1
Hence the graph is limited intherange-1 <x<land-1<y<1
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The graph of relation is

0.1)

(1.0

A
Y

(01'1)

ARROW DIAGRAM OF A RELATION:
Let

A={1,23}B={xy}and

R={1ly), (2x), (2y), BX)}
be a relation from A to B.

The arrow diagram of R is:

A B

DIRECTED GRAPH OF A RELATION:
LetA={0, 1,2 3}
and R = {(0,0), (1,3), (2,1), (2,2), (3,0), (3,1)}
be a binary relation on A.

5

@ ;

DIRECTED GRAPH
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MATRIX REPRESENTATION OF A RELATION

Let A={a1,a2,...,an}and B ={by, b2, ..., bm}. Let R be a relation from A

to B. Define the n x m order matrix M by

R | P
m(l,J)Z - (anbl)eR
10 if (a;,b)¢eR
for i=1,2,....,n and j=12,...,m

EXAMPLE:

Let A={1, 2, 3}and B = {x, y}

Let R be a relation from A to B defined as

R={(1y), (2,x), (2}y), BX)}

X y

1[0 1]

M = 2| 1 1

3 Ll 0 3x2

EXAMPLE:
For the relation matrix.
1 2 3

1[1 0 1]
301 1)

1. List the set of ordered pairs represented by M.

2. Draw the directed graph of the relation.

SOLUTION:
The relation corresponding to the given Matrix is

+ R={11), (13), (2,1), B2), B3)}

And its Directed graph is given below

C™

1 2
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EXERCISE:

Let A= {2, 4} and B = {6, 8, 10} and define relations R and S from A to
B as follows:

forall (X,y) eAxB, xXRyo x|y
forall (x,y) eAxB, xSycoy-4=X
State explicitly which ordered pairs are in A x B, R, S, RUS and RNS.

SOLUTION
A x B = {(2,6), (2.,8), (2,10), (4,6), (4,8), (4,10)}
R = {(2,6), (2,8), (2,10), (4,3)}
S={(26), (48)}
RuUS={(26), (2,8), (2,10), (4,8)}=R
RNS={(26), (48)}=S

© Copyright Virtual University of Pakistan

79

VU



12-Types of relations

Lecture No.12 Types of Relations

REFLEXIVE RELATION:
Let R be a relation on a set A. R is reflexive if and only if, for all a € A,
(a, a) eR or equivalently aRa. That is, each element of A is related to itself.

REMARK
R is not reflexive iff there is an element “a” in A such that
(a, @) ¢R. That is, some element “a” of A is not related to itself.

EXAMPLE:
Let A={1, 2, 3, 4} and define relations R,, R,, R;, R, on A as follows:
1 ={1,1),3,3), (2 2), (4, 4}
,={(1,1), (1, 4), (2 2),3,3) (4 3)}
:={(1,1).(12),(21),(22),33), 4 4}
+={(1,3).(22),(24),3,1) (4 4}
Then,
R, is reflexive, since (a, a) eRq for all a €A.
R, is not reflexive, because (4, 4) ¢R2.
R, is reflexive, since (a, a) eR3 for all a €A
R, is not reflexive, because (1, 1) ¢R4, (3, 3) ¢R4

DIRECTED GRAPH OF A REFLEXIVE RELATION:

The directed graph of every reflexive relation includes an arrow from every point

to the point itself (i.e., a loop).
EXAMPLE :

Let A={1, 2, 3, 4} and define relations R, R,, R;, and R, on A by
R, ={(1.1), (3 3),(22), (4 4}
R,={(1,1), (1, 4),(22),33) 4?3)}
R;={(1, 1), (1 2),(21),(22),33), 449}
R,={(1,3), (2 2), (2 4), 3 1) (4 4}

Then their directed graphs are the following:
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9 O 1 2
1 2 Q Q
< Q
4 3
R1 is reflexive because at Q
every point of the set A we 4 3

have a loop in the graph.

R, is not reflexive, as there
is no loop at 4.

1 2
x>
4
3
4
O‘ O R, is not reflexive, as there are

Rs is reflexive no loops at 1and 3.

MATRIX REPRESENTATION OF A REFLEXIVE RELATION:
LetA={a,a, ...,a}. ARelation R on A is reflexive if and only if
(a, aj) eRVi=12,...n.

Accordingly, R is reflexive if all the elements on the main diagonal of the
matrix M representing R are equal to 1.

EXAMPLE:
The relation R = {(1,1), (1,3), (2,2), (3,2), (3,3)} on A ={1,2,3}
represented by the following matrix M, is reflexive.
12 3
11 0 1]
M = ZI 010 ‘

3llo 1 1l
SYMMETRIC RELATION

Let R be a relation on a set A. R is symmetric if, and only if,
foralla, b € A, if (a, b)eR, then (b, a) eR.
That is, if aRb then bRa.

REMARK

R is not symmetric iff there are elements a and b in A such that (a, b) eR, but
(b, a) R.
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EXAMPLE
Let A={1, 2, 3, 4} and define relations R, R,, R;, and R,on A as
follows.
R ={(1, 1), (1,3), (2 4), 3, 1), (4.2)}
R, ={(1, 1), (2,2), 3, 3), (4, 4)}
Ry =1(2,2),(2,3), 3, 4)}
R,={(1, 1), (2,2), 3, 3), (4, 3), (4, 4)}

Then R, is symmetric because for every order pair (a, b) in R,also have (b, a) in
R,. For example, we have (1, 3) in R; then we have (3, 1) in Ry Similarly all other
ordered pairs can be checked.

R, is also symmetric. We say it is vacuously true.

R, is not symmetric, because (2,3) € R, but (3,2) ¢ R,.
R, is not symmetric because (4,3) € R, but (3,4) ¢ R,.

DIRECTED GRAPH OF A SYMMETRIC RELATION

For a symmetric directed graph whenever there is an arrow going from one point
of the graph to a second, there is an arrow going from the second point back to
the first.

EXAMPLE
Let A={1, 2, 3, 4} and define relations R,, R,, R;and R, on A by the directed
graphs:
R ={(1, 1), (1, 3), (2, 4), (3, 1), (4.2)}
R, ={(1, 1), (2,2), 3, 3), (4, 4)}
Ry =1(2,2),(2,3), 3, 4)}
R=1(1, 1) (2,2), 3, 3), (4, 3), (4, 4)}

3 4 3
R1 is symmetric R is symmetric
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9 9

4 o \/
Rs is not symmetric since there R4 is not symmetric since
are arrows from 2 to 3 and from there is an arrow from 4 to 3
3 to 4 but not conversely but no arrow from 3 to 4

MATRIX REPRESENTATION OF A SYMMETRIC RELATION
Let
A={a,a, .. a}
The relation R on A is symmetric if and only if for all a,, a € A,
if (a, a) eR then (a, a)eR.

i’ 7
Accordingly, R is symmetric if the elements in the ith row are the same as the

elements in the ith column of tthe matrix M representing R. More precisely, M is a
symmetric matrix i.e. M =M

EXAMPLE:
The relation R = {(1,3), (2,2), (3,1), (3,3)}
on A = {1,2,3} represented by the following matrix M is symmetric.

12 3
1o 0 1]
M=20 1 o|
3“10 11]

TRANSITIVE RELATION
Let R be arelation on a set A. R is transitive if and only if for all a, b, ¢ €A,
if (a, b) eR and (b, ¢) eR then (a, ¢) eR.
That is, if aRb and bRc then aRc.
In words, if any one element is related to a second
and that second element is related to a third, then the first is related to the third.
Note: The “first”, “second” and “third” elements need not to be distinct.

REMARK
R is not transitive iff there are elements a, b, ¢ in A such that
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if (@, b) eRand (b, ¢) R but (a, c) ¢R.

EXAMPLE
Let A={1, 2, 3, 4} and define relations R,, R, and R, on A as follows:
R, ={1 1), (1, 2).(1,3). (2, 3)}
R,={1 2. (1, 4),(23), 3 4}
R, ={(2 1), (2 4). 2 3), B4}
Then R, is transitive because (1, 1), (1, 2) are in R, then to be transitive relation
(1,2) must be there and it belongs to R.
Similarly for other order pairs. R, is not transitive since (1,2) and (2,3) € R, but
(1,3) ¢ R,.
R, is transitive.

DIRECTED GRAPH OF A TRANSITIVE RELATION

For a transitive directed graph, whenever there is an arrow going from one point
to the second, and from the second to the third, there is an arrow going directly from the
first to the third.

EXAMPLE
Let A={1, 2, 3, 4} and define relations R,, R, and R,on A by the

directed graphs:
R, ={(1 1. 1, 2), (1 3), (23}
R,={1 2. (1, 4)(23), 3 4}
R; ={(2 1), (2, 4), (2 3), 34)}

SOLUTION:

R, is transitive R, is not transitive since there is
an arrow from 1 to 2 and from 2
to 3 but no arrow firom 1 to 3
directly
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R, 1s transitive

EXERCISE:

Let A={1, 2, 3, 4} and define the null relation ¢ and universal relation
A xA on A. Test these relations for reflexive, symmetric and transitive properties.
SOLUTION:

Reflexive:
a) o is not reflexive since (1,1), (2,2), (3,3), (4,4) ¢ &.
b) A x As reflexive since (a,a) € Ax Aforalla € A.
Symmetric
a) For the null relation & on A to be symmetric, it must satisfy the implication:
if (a,b) € D then (a, b) € .

Since (a, b) € & is never true, the implication is vacuously true or true by default.

Hence & is symmetric.

b) The universal relation A x A is symmetric, for it contains all ordered pairs
of elements of A. Thus,
if (@, b) e Ax Athen (b,a) e Ax Aforalla, binA.
Transitive
a) The null relation & on A is transitive, because the implication.
if (a, b) e D and (b, c) € D then (a, c) € T is true by default,
since the condition (a, b) € & is always false.
b) The universal relation A x A is transitive for it contains all ordered pairs of
elements of A.
Accordingly, if (a, b) e Ax A and (b, c) e Ax A then (a,c) e Ax A
EXERCISE:
Let A={0,1,2}and
R = {(0,2), (1,1), (2,0)} be a relation on A.
1. Is R reflexive? Symmetric? Transitive?
2. Which ordered pairs are needed in R to make it a reflexive and transitive
relation.
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SOLUTION:
1. R is not reflexive, since 0 € A but (0, 0) ¢R and also 2 € A but (2, 2) ¢R.
R is clearly symmetric.
R is not transitive, since (0, 2) & (2, 0) € R but (0, 0) ¢R.

2. For R to be reflexive, it must contain ordered pairs (0,0) and (2,2).
For R to be transitive,
we note (0,2) and (2,0) € but (0,0) ¢R.
Also (2,0) and (0,2) R but (2,2)¢R.
Hence (0,0) and (2,2). Are needed in R to make it a transitive relation.

EXERCISE:
Define a relation L on the set of real numbers R be defined as follows:
forall x, y €R, XLyox<y.
a. Is L reflexive?
b. Is L symmetric?
c. Is L transitive?
SOLUTION:
a. L is not reflexive, because x </« for any real number x.
(e.g. 141)
b. L is not symmetric, because for all X, y R, if
x <ytheny <I X
(e.9.0<1but140)
C. L is transitive, because for all, X, y, z eR, if x <y
andy <z, thenx <z
(by transitive law of order of real numbers).
EXERCISE:

+

Define a relation R on the set of positive integers Z as follows:

foralla, b €eZ*,aR biffax b is odd.
Determine whether the relation is
a. reflexive b. symmetric c. transitive
SOLUTION:
Firstly, recall that the product of two positive integers is odd if and only if
both of them are odd.
a. reflexive
R is not reflexive, because 2 € Z* but2 R 2
for 2 x 2 =4 which is not odd.
b. symmetric
R is symmetric, because
if a R b then a x b is odd or equivalently b x a is odd
(bxa=zaxb)=bRa.
c. transitive
R is transitive, because if a R b then a x b is odd
=> both “a” and “b” are odd. Also bRc means b x ¢ is odd
= both “b” and “c” are odd.
Now if aRb and bRec, then all of a, b, ¢ are odd and so a x ¢ is odd. Consequently
aRc.
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EXERCISE:
Let “D” be the “divides” relation on Z defined as:
forallm,n eZ, mD n& min
Determine whether D is reflexive, symmetric or transitive. Justify your answer.

SOLUTION:
Reflexive
Let m €Z, since every integer divides itself.
So mim VY m eZ therefore mDm vV m €Z
Accordingly D is reflexive
Symmetric

Let m, n € Z and suppose m D n.
By definition of D, this means m|n (i.e.= an integer)
Clearly, then it is not necessary that = an integer.
Accordingly, if mDnthennDm,V m,neZ
Hence D is not symmetric.

Transitive

Let m, n, p €Z and suppose mD nand n D p.
NowmDn=m|n=  =aninteger.
AlsonDp=np=  =aninteger.

B pw . (nw . .
We note = ( = (anint) * (an int)
m
)M
=an int
= mlp and so mDp

Thus if mDn and nDp then mDp V m, n, p €Z
Hence D is transitive.

EXERCISE:
Let A be the set of people living in the world today. A binary relation R is
defined on A as follows:
for all p, q €A, pRq < p has the same first name as .
Determine whether the relation R is reflexive, symmetric and/or transitive.

SOLUTION:
Reflexive
Since every person has the same first name as his/her self.
Hence for all p € A, pRp. Thus, R is reflexive.
Symmetric:
Let p, g €A and suppose pRa.
p has the same first name as @.
g has the same first name as p.
aRp
Thus if pRq then qRp V p,q €A.
R is symmetric.
Transitive
Let p, g, s €A and suppose p R g and gRr.
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Now pRq < p has the same first name as q
and QRr < g has the same first name as r.
Consequently, p has the same first name as r.
= pRr
Thus, if pRqg and gRs then pRr, V p, g, r €A.
Hence R is transitive.

EQUIVALENCE RELATION:
Let A be a non-empty set and R a binary relation on A. R is an equivalence
relation if, and only if, R is reflexive, symmetric, and transitive.
EXAMPLE:

Let A={1, 2, 3,4} and
R={(11), 22), (24). 33). (42), (44)}
be a binary relation on A.
Note that R is reflexive, symmetric and transitive, hence an equivalence relation.

CONGRUENCES:
Let m and n be integers and d be a positive integer. The notation

m = n (mod d) means that
d| (m-n) {d divides m minus n}.There exists an integer k such that

(m-n)=d-k
EXAMPLE:
c. Is22=1(mod 3)? b. Is -5 =+10 (mod 3)?
d. Is7=7(mod 3)? d. Is 14 =4 (mod 3)?
SOLUTION
a. Since 22-1 = 21 = 3x7.
Hence 3|(22-1), and so0 22 = 1 (mod 3)
b. Since-5-10=-15=3x(-5),
Hence 3|((-5)-10), and so - 5= 10 (mod 3)
c. Since7-7=0=3x0
Hence 3|(7-7), and so 7 = 7 (mod 3)
d. Since 14 — 4 =10, and 3 / 10 because 10 = 3- k for any integer
k. Hence 14 = 4 (mod 3).
EXERCISE:

Define a relation R on the set of all integers Z as follows:
for all integers mand n, mR n< m=n (mod 3)
Prove that R is an equivalence relation.

SOLUTION:
R is reflexive.
R is reflexive iff forallm €Z, m R m.
By definition of R, this means that
Forallm eZ, m=m (mod 3)
Since m—m =0 = 3 x0.
Hence 3|(m-m), and so m = m (mod 3)
mRm
= R is reflexive.
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R is symmetric.
R is symmetric iff forallm,n eZ
ifmRnthennR m.
Now mRn
m=n (mod 3)
3|(m-n)
m-n = 3k, for some integer k.
n—m=3(-k), -k eZ
3|(n-m)
n=m (mod 3)
nRm

R R

Hence R is symmetric.
R is transitive
R is transitive iff for allm, n, p €Z,
if mRn and nRp then mRp
Now mRn and nRp means m=n (mod 3) and n = p (mod 3)

3[(m-n) and  3|(n-p)

(m-n) = 3rand (n-p) = 3s for somer, s eZ
Adding these two equations, we get,
(m-n)+(n—-p)=3r+3s

m-—p=3(r+s)wherer+seZ

3|(m-p)

m=p (mod 3) < mRp
Hence R is transitive. R being reflexive, symmetric and transitive, is an
equivalence relation.
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EXERCISE:

C.

SOLUTION:

a.

Lecture No.13 Matrix Representation of Relations

Suppose R and S are binary relations on a set A.
If R and S are reflexive, is R m S reflexive?
If R and S are symmetric, is R n S symmetric?
If R and S are transitive, is R n S transitive?

R m S is reflexive:
Suppose R and S are reflexive.
Then by definition of reflexive relation
V aeA (aa) eRand (a,a) €S
= VaeA(@aeRNS
(by definition of intersection)
Accordingly, R n S is reflexive.
b. RN Sis symmetric.
Suppose R and S are symmetric.
To prove R n' S is symmetric we need to show that
vV a,beAif(ab) e RnSthen(b,a) e RNS.
Suppose (a,b) e RN S.
= (ab) e Rand (a,b) € S
( by the definition of Intersection of two sets )
Since R is symmetric, therefore if (a,b) € R then
(b,a) € R. Similarly S is symmetric, so if (a,b) € S then (b,a) € S.
Thus (b,a) e Rand (b,a) € S
= (b)) eRNS (by definition of intersection)
Accordingly, R n S is symmetric.

c. RMS is transitive.
Suppose R and S are transitive.

To prove RNS is transitive we must show that
Vv ab,c, €A, if (a,b) € RS and (b,c) € RNS

then (a,c) eRNS.
Suppose (a,b) eRNS and (b,c) eRNS
= (a,b) eR and (a,b) eSand (b,c) eR and (b,c) €S
Since R is transitive, therefore

if (a,b) eR and (b,c) R then (a,c) eR.

Also S is transitive, so (a,c) €S

Hence we conclude that (a,c) eR and (a,c) €S

and so (a,c) eRNS  (by definition of intersection)
Accordingly, RNS is transitive.
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EXAMPLE:
Let A ={1,2,3,4}
and let R and S be transitive binary relations on A defined as:
R={(12), (1,3), (2.2), (3,3), (4.2), (4.3)}
and  S=4{(21), (2,4),(3,3)}
Then R U S = {(1,2), (1,3), (2,1), (2,2), (2,4), (3,3), (4,2), (4,3)}
We note (1,2) and (2,1) eRUS, but (1,1) ¢ RUS
Hence RUS is not transitive.
IRREFLEXIVE RELATION:
Let R be a binary relation on a set A. R is irreflexive iff for all acA,(a,a) R.
That is, R is irreflexive if no element in A is related to itself by R.
REMARK:
R is not irreflexive iff there is an element acA such that (a,a) €R.

EXAMPLE:
Let A ={1,2,3,4} and define the following relations on A:
R, ={(1.3), (1,4), (2,3), (2:4), (3,1), (3.4)}
R, ={(11), (1.2), (2.1), (2.2), (3.3), (4.4)}
R; ={(1.2), (2,3), 33), B4)}
Then R, is irreflexive since no element of A is related to itself inR,. i.e.
1DeR,(22) ¢R,(33) ¢R,(44) ¢ R,
R, is not irreflexive, since all elements of A are relatedto  themselves in R2
R, is not irreflexive since (3,3) eR3. Note that R3 is not reflexive.
NOTE:
A relation may be neither reflexive nor irreflexive.
DIRECTED GRAPH OF AN IRREFLEXIVE RELATION:
Let R be an irreflexive relation on a set A. Then by definition, no element of A is

related to itself by R. Accordingly, there is no loop at each point of A in the
directed graph of R.

EXAMPLE:
Let A={123}
and R = {(1,3), (2,1), (2,3), (3,2)} be represented by the directed graph.

MATRIX REPRESENTATION OF AN IRREFLEXIVE RELATION
Let R be an irreflexive relation on a set A. Then by definition, no element of A is
related to itself by R.
Since the self related elements are represented by 1°s on the main diagonal of the
matrix representation of the relation, so for irreflexive relation R, the matrix will
contain all 0’s in its main diagonal.
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It means that a relation is irreflexive if in its matrix representation the diagonal
elements are all zero, if one of them is not zero the we will say that the relation is
not irreflexive.

EXAMPLE:

Let A={1,2,3}and R ={(1,3), (2,1), (2,3), (3,2)} be represented
by the matrix
123

1[00 1
M=210 1
3l[o 1 ol

Then R is irreflexive, since all elements in the main diagonal are 0’s.

EXERCISE:
Let R be the relation on the set of integers Z defined as:
foralla,b €Z, (a,b) eER <= a>bh.
Is R irreflexive?

SOLUTION:

R is irreflexive if for all a €Z, (a,a) ¢R.
Now by the definition of given relation R,

for all a €Z, (a,a) ¢R since a >| a.
Hence R is irreflexive.

ANTISYMMETRIC RELATION:
Let R be a binary relation on a set A.R is anti-symmetric iff
Va, b eAif (a,b) eR and (b,a) eR thena =h.

REMARK:
1) Ris not anti-symmetric iff there are elements a and b in A such that
(a,b) eRand (b, a) eR buta=b.
2) The properties of being symmetric and being anti-symmetric are not
negative of each other.

EXAMPLE:
Let A = {1,2,3,4} and define the following relations on A.
R, ={(1.1).(22),(3.3)} R, ={(12).(2,2), (2,3), 34), (41)}
R;={(1,3),2,2), (24), 31), (4.2)} R,={(1,3),(2,4), 31), (4.3)}

R, is anti-symmetric and symmetric .

R, is anti-symmetric but not symmetric because (1,2) € R,but (2,1) ¢ R,.

R, is not anti-symmetric since (1,3) & (3,1) € R, but 1= 3.

Note that R, is symmetric.

R,is neither anti-symmetric because (1,3) & (3,1) € R, but 1 # 3 nor symmetric
because (2,4) € R4 but (4,2) ¢Rg

DIRECTED GRAPH OF AN _ANTISYMMETRIC RELATION:
Let R be an anti-symmetric relation on a set A. Then by definition, no two distinct
elements of A are related to each other. Accordingly, there is no pair of arrows
between two distinct elements of A in the directed graph of R.
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EXAMPLE:

Let A = {1,2,3} And R be the relation defined on  A'is
R ={(1,1), (1,2), (2,3), (3,1)}.Thus R is represented by the directed graph as

3

R is anti-symmetric, since there is no pair of arrows between two distinct points
in A.

MATRIX REPRESENTATION OF AN ANTISYMMETRIC RELATION:
Let R be an anti-symmetric relation on a set

A={a,a, ...,a} Then if (a;, a) eR for i=jthen (a;, a) «R.

Thus in the matrix representation of R thereisa 1l  in the ith row and jth column
iff the jth row and ith column contains 0 vice versa.

EXAMPLE:
Let A = {1,2,3} and a relation
R ={(1,1), (1,2), (2,3), (3,1)}on A be represented by the matrix.
123
1{1 10
M=20 0 1
32 0 ol

Then R is anti-symmetric as clear by the form of matrix M

PARTIAL ORDER RELATION:

Let R be a binary relation defined on a set A. R is a partial order relation,if and

only if, R is reflexive, antisymmetric, and transitive. The set A together with a
partial ordering R is  called a partially ordered set or poset.

EXAMPLE:

Let R be the set of real numbers and define the*“less than or
equal to”, on R as follows:

for all real numbers xandy inR. X<y < xX<yorx=y
Show that < is a partial order relation.

SOLUTION:
<is reflexive
For < to be reflexive means that x < x for all x eR
But x < x means that x < x or x = x and x = x is always true.
Hence under this relation every element is related to itself.
< is anti-symmetric.

93

© Copyright Virtual University of Pakistan



13-Matrix representation of relations

For < to be anti-symmetric means that
VX YyeR ifx<yandy<x,thenx=y.
This follows from the definition of < and the trichotomy property, which says
that
“given any real numbers x and y, exactly one of the following holds:
x<yorx=yorx>y”’
< is transitive
For < to be transitive means that
VXV ZeR ifx<yandy<zthenx<z
This follows from the definition of < and the transitive property of order of
real numbers, which says that “given any real numbers X, y and z,
if x<yandy<zthenx <z”
Thus < being reflexive, anti-symmetric and transitive isa  partial order relation
onR.

EXERCISE:

Let A be a non-empty set and P(A) the power set of A.
Define the “subset” relation, , as follows:

forall X)Y € P(A), XY < VX, iff x eX then x €Y.
Show that c is a partial order relation.

SOLUTION:
1. cis reflexive
Let X e P(A). Since every set is a subset of itself, therefore
Xc X, VX ePA).
Accordingly c is reflexive.
2. cis anti-symmetric
Let X, Y €P(A) and suppose X c Y and Y < X.Then by definition of equality of
two sets it follows that X =Y.
Accordingly, c is anti-symmetric.
3. cis transitive
Let X, Y, Z eP(A) and suppose X c Y and Y < Z. Then by the transitive
property of subsets “if U < V and V < W then U ¢ Wit follows X c Z.
Accordingly c is transitive.
EXERCISE:
Let “|” be the “divides” relation on a set A of positive integers.
That is, for all a, b €A, ajb < b=k -a for some integer k.
Prove that | is a partial order relation on A.

SOLUTION:
1. “J”is reflexive. [We must show that, V a €A, aja]
Suppose a €A. Then a = 1-a and so aja by definition of divisibility.
2. “” is anti-symmetric
[We must show that for all a, b €A, if alb and bja then a=b]
Suppose ajb and bja
By definition of divides there are integers k1, and k2 such that
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b=k1-a and a=k2b

Now b=kj-a
=k1-(k2 - b) (by substitution)
=(k1-k2) b
Dividing both sides by b gives
1=k1 ko
Since a, b €A, where A is the set of positive integers, so the equations
b=kia and a=k2-b
implies that k1 and k2 are both positive integers. Now the
equation
k1-k2 =1
can hold only when k1 =k2 =1
Thus a = ko-b=1 -b=b ie,a=b

3. | is transitive
[We must show that Va,b,ceA if ajb and bjc than a|c]
Suppose ajb and bjc
By definition of divides, there are integers k1 and k2 such that
b=kjp-a and c=k2-b

Now c=k2-b
= k2 -(k1 -a) (by substitution)
= (k2 -k1) -a (by associative law under
multiplication)
=k3-a where k3= k2-k1 is an integer
= alc by definition of divides
Thus “|” is a partial order relation on A.

EXERCISE:
Let “R” be the relation defined on the set of integers Zas  follows:

for all a, b €Z, aRb iff b=a for some positive integer r.
Show that R is a partial order on Z.

SOLUTION:
1. R is Reflexive
Leta € Z, then a=a"forr =1, so aRa.
So R is reflexive.
2. R is ant-symmetric.
Let a, b €Z and suppose aRb and bRa. Then there are positive integers r and s

such that
b= a: and a= bS
Now, a=b
= (z;tsr) ; by substitution
=a
= rs =1

Since r and s are positive integers, so this equation can hold if, and only if, r =1

© Copyright Virtual University of Pakistan



© Copyright Virtual University of Pakistan

13-Matrix representation of relations
l -
ands=1andthena=bS=b =b ie,a=b
Thus R is anti-symmetric.
3. R is transitive.
Let a, b, c €Z and suppose aRb and bRc.
Then there are positive integers r and s such that
r S
) b=a and c=b
Now c=bhb
rs
=(a) t (by substitution)
IS
=a =a (where t = rs is also a positive integer)
Hence by definition of R, aRc. Therefore, R is transitive.
Accordingly, R is a partial order relation on Z.
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Lecture No.14 Inverse of Relations

INVERSE OF A RELATION:
Let R be a relation from A to B. The inverse relation R™ from B to A is defined

as:

R*={(b,a) eBxA]|(a,b) eR}
More simply, the inverse relation R™ of R is obtained by interchanging the
elements of all the ordered pairs in R.

EXAMPLE:
Let A= {2, 3,4} and B = {2,6,8}and let R be the “divides” relation from
AtoBie forall(ab) e AxB,aRb<a|b (adividesb)
Then R = {(2,2), (2,6), (2,8), (3,6), (4,8)}and R*= {(2,2), (6,2), (8,2), (6,3), (8,4)}
In words, R™*may be defined as:
for all (b,a) eB x A, bR a< bisamultiple of a.

ARROW DIAGRAM OF AN INVERSE RELATION:
The relation R = {(2,2), (2,6), (2,8), (3,6), (4,8)} is represented by the arrow
diagram.

Then inverse of the above relation can be obtained simply changing the directions
of the arrows and hence the diagram is

R1
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MATRIX REPRESENTATION OF INVERSE RELATION:

The relation R = {(2, 2), (2, 6), (2, 8), (3, 6), (4, 8)}rom A = {2, 3,4} to
B = {2, 6, 8} is defined by the matrix M below:

2 6 8 2 34

2[1 11 2[1 0 0]
M:3|0 10 M‘=6110||
allo 0 1 8|10 1l

The matrix representation of inverse relation R™ is obtained by simply taking its
transpose. (i.e., changing rows by columns and columns by rows). Hence R-1 is
represented by Mt as shown.

EXERCISE:
Let R be a binary relation on a set A. Prove that:
(i) IfRisreflexive, then R™ is reflexive.
(i)  IfRissymmetric, then R™ is symmetric.
(iii)  IfRistransitive, then R™ is transitive.
(iv)  IfRisantisymmetric, then R™ is antisymmetric.
SOLUTION (i) If R is reflexive, then R is reflexive.

Suppose that the relation R on A is reflexive. By definition, V a € A, (a, a) €R.
Since R™ consists of exactly those ordered pairs which are obtained by
interchanging the first and second element of ordered pairs in R, therefore,

if (a, a) € Rthen (a, a) € R™. Accordingly, Va € A, (a,a) € R

Hence Ris reflexive as well.

SOLUTION (ii)  Suppose that the relation R on A is symmetric.
Let (a, b) € R*for a,b eA. By definition of R?, (b, a) R. Since R is symmetric,
therefore (a, b) eR. But then by definition of R™, (b, a) €R.
We have thus shown that for all a, b € A, if (a, b) eR-1 then (b, a) € R™.
Accordingly Ris symmetric.

SOLUTION (iii)  Prove that if R is transitive, then R-1 is transitive.
Suppose that the relation R on A is transitive. Let (a, b) € R™and (b, ¢) € R™.
Then by definition of R, (b, a) eR and (c, b) eR. Now R is transitive, therefore
if (c, b) eR and (b, a) eR then (c, a) eR.
Again by definition of R™, we have (a, ¢) € R™. We have thus shown that for all
a, b, ce A, if (a b) e R'and (b, ¢) € R'then (a, ¢) € R™.
Accordingly R™ is transitive.

SOLUTION (iv) Prove that if R is anti-symmetric. Then R™ is anti-symmetric.
Suppose that relation R on A is anti-symmetric. Let (a,b)e R* 1 and (b,a)e R*
Then by definition of R*(b,a) R and (a,b) €R. Since R is antisymmetric, so
if (a,b)eR and (b,a)eR then a = b.Thus we have shown that
if (a,b) € Rt and (b,a) € R then a=b.
Accordingly R is antisymmetric.
EXERCISE:
Show that the relation R on a set A is symmetric if, and only if,
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R=R™

SOLUTION:
Suppose the relation R on A is symmetric.

Let (a,b)<R. Since R is symmetric, so (b,a) € R. But by definition of R*
if (b,a) € R then (a,b) € R™. Since (a,b) is an arbitrary element of R, so

Next, let (c,d) € R™. By definition of R (d,c) eR. Since R is symmetric,
so (c,d) eR. Thus we have shown that if (c,d) € R™then (c,d) eR.Hence
RTcR.. .. )
By (1) and (2) it follows that R= R™.
Conversely
suppose R =R™.

We have to show that R is symmetric. Let (a,b)eR.
Now by definition of R (b,a) € R*.SinceR=R*%, so(b,a) e R'=R
Thus we have shown that if (a,b)eR then (b,a)eR

Accordingly R is symmetric.

COMPLEMENTRY RELATION: .
Let R be a relation from a set A to a set B. The complementry relation R of R is
the set of all those ordered pairs in AxB that do not belong to R.
Symbolically:

R = AxB - R = {(a,b) € AxB| (a,b)¢R}
EXAMPLE:
Let A={123} and
R ={(1,1), (1,3), (2,2), (2,3), (3,1)} be a relation on A

Then R ={(1,2), (2,1), (3,2), (3,3)}

EXERCISE:
Let R be the relation R = {(a,b)| a<b} on the set of integers. Find
a) R b) R?
SOLUTION:
a) R=2ZxZ-R ={(ab)|a<b}
={(a,b)a=b}
b) R*={(ab) |a>b}
EXERCISE:
Let R be a relation on a set A. Prove that R is reflexive iff R is
irreflexive
SOLUTION:

Suppose R is reflexive. Then by definition, for all acA, (a,a) eR
But then by definition of the complementry relation (a,a) ¢R, V acA.
Accordingly R is irreflexive.
Conversely

if R is irreflexive, then (a,a) ¢R, V acA.
Hence by definition of R, it follows that (a,a) eR, V acA
Accordingly R is reflexive.

EXERCISE:
Suppose that R is a symmetric relation on a set A. Is R also symmetric.
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SOLUTION:
Let (a,b)eR. Then by definition of R, (a,b) ¢R. Since R is symmetric, so
if (a,b) R then (b,a) ¢ R.
{for (b,a) € Rand (a,b) ¢ R will contradict the symmetry property of R}
Now (b,a) R =(b,a) € R.Hence if (a,b) eR then (b,a) eR
Thus R is also symmetric.

COMPOSITE RELATION:
Let R be a relation from a set A to a set B and S a relation from B to a set C. The
composite of R and S denoted SoR is the relation from A to C, consisting of
ordered pairs (a,c) where a €A, ¢ €C, and for which there exists an element
b B such that (a,b) eR and (b,c) €S.
Symbolically:

SoR = {(a,c)la €A, c €C,3 b €B, (a,b) eR and (b,c) €S}
EXAMPLE:
Define R = {(a,1), (a,4), (b,3),(c,1), (c,4)} as a relation from A to B
and S = {(1,x),(2,x), (3,y), (3,2)} be a relation from B to C.
Hence

SoR = {(a,x), (by), (b.2), (cX)}
COMPOSITE RELATION FROM ARROW DIAGRAM:

Let A={ab,c}B ={1,2,3,4}and C = {x,y,z}. Define relation R from A to B and
S from B to C by the following arrow diagram.
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MATRIX REPRESENTATION OF COMPOSITE RELATION:
The matrix representation of the composite relation can be found using the
Boolean product of the matrices for the relations. Thus if MR and MS are the
matrices for relations R (from A to B) and S (from B to C), then

Msor = Mg OMs
is the matrix for the composite relation SoR from A to C.
BOOLEAN BOOLEAN
ADDITION MULTIPLICATION
a. 1+1=1 a. 1.1=1
b. 1+0=1 b. 1.0=0
C. 0+0=0 C. 0.0=0

EXERCISE:
Find the matrix representing the relations SoR and RoS where the
matrices representing R and S are

[1 0 1] [O 1 0]
MR:|110‘ Ms:|001’
[lo 0 ol |1 0 1l]

SOLUTION:
The matrix representation for SoR is

[1 0 1710 1 0
Mgor = MOM _||1 1 o‘ {o 0 J

[lo 0 ol flz 0 1l

[1 1 1]

=||o 1 1‘

llo o ol

The matrix representation for RoS is

[0 1 0][1 0 1]
MRoszMSOMRzlo 01 {1 1 o‘
110 1l oo 1l

11 0

:||o 01

110 1]

EXERCISE:
Let R and S be reflexive relations on a set A. Prove SoR is reflexive.

SOLUTION:
Since R and S are reflexive relations on A, so
VaeA, (aa) eRand (a, a) €S
and by definition of the composite relation SoR, it is clear that

(a,a) eSOR V a €A.
Accordingly SoR is also reflexive.
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Lecture No.15 Functions

RELATIONS AND FUNCTIONS:
A function F from a set X to a set Y is a relation from X to Y that satisfies the following
two properties
1. For every element x in X, there is an element y in Y such that (x,y) eF.
In other words every element of X is the first element of some ordered pair of F.
2. Forall elements x in Xandyand zinY, if (x,y) eF and (x,z) €F, then y =2
In other words no two distinct ordered pairs in F have the same first element.

EXERCISE:

Which of the relations define functions from X = {2,4,5} to Y={1,2,4,6}.
a R1={(2,4), 41)}

b. R2 ={(2,4), (4,1), (4,2), (56)}

C. R3 ={(2,4), (4,1), (5,6)}

SOLUTION :

a. R1 is not a function, because 5 e X does not appear as the first element in any ordered
pair in R1.

b. R2 is not a function, because the ordered pairs (4,1) and (4,2) have the same first
element but different second elements.

¢. R3 defines a function because it satisfy both the conditions of the function that is every

element of X is the first element of some order pair and there is no pair which has the
same first order pair but different second order pair.

EXERCISE:
Let A ={4,5,6} and B = {5,6} and define binary relations R and S from A to B as
follows:
for all (x,y) eAx B, (Xy) € R < x>y
for all (x,y) €A x B, xSy < 2|(x-y)
a. Represent R and S as a set of ordered pairs.
b. Indicate whether R or S is a function

SOLUTION:

a. Since we are given the relation R contains those order pairs of A x B which has their
first element greater or equal to the second Hence R contains the order pairs.

R ={(55), (6,5), (6,6)}

Similarly S is such a relation which consists of those order pairs for which the difference
of first and second elements difference divisible by 2.

Hence S = {(4,6), (5,5), (6,6)}

b. R is not a function because 4 €A is not related to any element of B.
S clearly defines a function since each element of A is related to a unique element of B.
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FUNCTION:
A function f from a set X to a set Y is a relationship between elements of X
and elements of Y such that each element of X is related to a unique element of Y, and is

denoted f: X =Y. The set X is called the domain of f and Y is called the co-domain of f.

NOTE: The unique element y of Y that is related to x by f is denoted f(x) and is called
f of x, or the value of f at x, or the image of x under f

ARROW DIAGRAM OF A FUNCTION:

The definition of a function implies that the arrow diagram for a function f has the
following two properties:

1. Every element of X has an arrow coming out of it

2. No two elements of X has two arrows coming out of it that point to two different
elements of Y.

EXAMPLE:
Let X ={a, b, c} and Y={1,2,3,4}.
Define a function f from X to Y by the arrow diagram.
f
/\

=

X Y

You can easily note that the above diagram satisfy the two conditions of a function hence
a graph of the function.
Note that f(a) = 2, f(b) = 4,and f(c) = 2

FUNCTIONS AND NONFUNCTIONS:
Which of the arrow diagrams define functions from X = {2,4,5}to Y = {1,2,4,6}.

<

‘\
<]

X Y X Y

The relation given in the diagram (a) is Not a function because there is no arrow coming
out of 5eX to any element of Y.
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The relation in the diagram (b) is Not a function, because there are two arrows coming
out of 4eX. i.e.,4eX is not related to a unique element of .

RANGE OF A FUNCTION:
Let f: X—Y. The range of f consists of those elements of Y that are image of
elements of X.
Symbolically, Range of f = {y Y|y = f(x), for some x X}

NOTE:

1. The range of a function f is always a subset of the co-domain of f.

2. The range of f: X Y is also called the image of X under f.

3. When y = f(x), then x is called the pre-image of y.

4. The set of all elements of X, that are related to some y €Y s called the inverse
image of y.

EXERCISE:

Determine the range of the functions f, g, h from X = {2,4,5} to Y = {1,2,4,6} defined as:

Y

f
b, S N
T

2. g={(26), 42, (6,1)}
3. hQ =4 h@)=4  hE)=1

SOLUTION:

1. Range of f= {1, 6}

2. Rangeof g={1, 2, 6}
3. Rangeof h={1, 4}

GRAPH OF A FUNCTION:

Let f be a real-valued function of a real variable. i.e. f:R —R. The graph of f is the set of
all points (x,y) in the Cartesian coordinate plane with the property that X is in the domain
of fand y = f(x).

EXAMPLE:

We have to draw the graph of the function f given by the relation y=x? in order to draw
the graph of the function we will first take some elements from the domain will see the
image of them and then plot then on the graph as follows

Graph ofy =x?
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y y=x

X y=Ff(x)
-3 9 1
-2 4 (-3,9) + (3.9)
-1 1 I
0 0 + (x . £0)
+1 1 E
+2 4 (-2,4) :: (2,4)
=3 2 (LN T S

T T T T T T IO (Io Io)l T )l( T T

VERTICAL LINE TEST FOR THE GRAPH OF A FUNCTION:
For a graph to be the graph of a function, any given vertical line in its domain intersects
the graph in at most one point.

EXAMPLE:
The graph of the relation y = x? on R defines a function by vertical line test.

y=x*

EXERCISE:
Define a binary relation P from R to R as follows:

for all real numbers x andy (X, y) € P < x=y?
Is P a function? Explain.

SOLUTION:

The graph of the relation x = y? is shown below. Since a vertical line intersects the graph
at two points; the graph does not define a function.
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n
—T 1
9 -3
1 (4,2)/—
4 -2 3
1| o4 2T
0 0 1
L1 1 | I I I N I | >
1 1 U1 N12345 6 78910 X
4 2 2l
9 3
3+ (4’-2)\_
441
v

EXERCISE:
Find all functions from X = {a,b} to Y = {u,v}

"
)

Find four binary relations from X = {a,b}to Y = {u,v}that are not functions.

SOLUTION:
The four relations are
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EXERCISE:
How many functions are there from a set with three elements to a set with four elements.

SOLUTION:
Let X = {X1, X2, X3} and Y= {y1, Y2, Y3,Ya}
Then x; may be related to any of the four elements y1, Y2, s, Ya of Y. Hence there are 4
ways to relate x5 in Y. Similarly x; may also be related to any one of the 4 elements in Y.
Thus the total number of different ways to relate x; and X to elements of Y are 4 x 4 =
16. Finally x3 must also has its image in Y and again any one of the 4 elements yi, or y-
or ys or y4 could be its image.
Therefore the total number of functions from X to Y are
4 x4x4=4%=64.

EXERCISE:
Suppose A is a set with m elements and B is a set with n elements.

1. How many binary relations are there from A to B?

2. How many functions are there from A to B?

3. What fraction of the binary relations from A to B are functions?

SOLUTION:

1. Number of elements in A x B=m.n
Therefore, number of binary relations from Ato B =
Number of all subsets of A x B = 2™
2. Number of functions fromAtoB=n.nn. ... .n (m times)
=nm

3. Fraction of binary relations that are functions = n™ /2™
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FUNCTIONS NOT WELL DEFINED:
Determine whether f is a function from Z to R if

a f(n)=4n b. f(n)=

n?—4

C. f(n)y=+n d. f(n) =+/n? +1

SOLUTION:

a. f is not well defined since each integer n has two images +n and -n

b. f is not well defined since f(2) and f(-2) are not defined.

C. f is not defined for n < 0 since f then results in imaginary values (not real)

d. f is well defined because each integer has unique (one and only one) image in R
under f.

EXERCISE:

Student C tries to define a functionh: Q — Q by therule. |, (mj _ m_2
for all integers m and n with n = 0 n n
Students D claims that h is not well defined. Justify students D’s claim.

SOLUTION:

The function h is well defined if each rational number has a unique (one and only one)
image. 1
Consider —€Q

(1) 1?1

Now E = Z and
2 4
(2) 22 4
h — | === l
4) 4 4
Hence an element of Q has more than one images under h. Accordingly h is not well
defined.

REMARK:
A function f: X — Y is well defined iff ¥ X1, X2 € X, if X1 = X2 then f(X1) = f(X2)

EXERCISE:

Let g: R—>R+ be defined by g(x) = x? +1

1. Show that g is well defined.

2. Determine the domain, co-domain and range of g.

SOLUTION:
1. g is well defined:
Let X1, X2 €R and suppose X1 = Xz
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= X1? = X (squaring both sides)
= x?+1=x7+1 (adding 1 on both sides)
= g (x1) = g(x2) (by definition of g)

Thus if X1 = X2 then g (x1) = g(x2). According g:R — R+ is well defined.
2. g:R ->R" defined by g(x) = x* + 1.
Domain of g = R (set of real numbers)
Co-domain of g = R (set of positive real numbers)
The range of g consists of those elements of R* that appear as image points.
Since x*>0 vV x eR
x>+ 1>1 vV x eR
e, gx)=x2+1>1 V X eR
Hence the range of g is all real number greater than or equal to 1, i.e., the internal [1,cc)

IMAGE OF A SET:

Let f: X =Y is function and A c X.

The image of A under f is denoted and defined as:
f(A) = {yeY | y=f(x), for some x in A}

EXAMPLE:
Let f: X —>Y be defined by the arrow diagram
Let A={1,2}and B = {2,3} then
f(A)={b} and f(B) = {b,c} under the function defined in the Diagram then we say that
image set of A'is {b} and | mage set of B is {b,c}.

INVERSE IMAGE OF A SET:
Let f: X Y is a function and C < Y. The inverse image of C under f is denoted and
defined as:

F1(C)={x eX | f(x) eC}

EXAMPLE:

Let f: X =Y be defined by the arrow diagram.
Let C = {a},D = {b,c},E = {d} then
f1(C)={1.2},
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f1(D) ={3,4},and
f4(E) =&

SOME RESULTS:

Let f: X =Y is a function. Let A and B be subsets of X and C and D be subsets of Y.
if Ac B then f(A) c f(B)

f(AUB) = f(A) Uf(B)

f(AnB) c f(A) N f(B)

f(A-B) o f(A) - f(B)

if C = D, then f1(C) c (D)

fi(cub) = fXC) U FY(D)

f{(CAD) = f}(C) nf}(D)

f1(C-D) = (C)-f* (D)

N A~ WD

BINARY OPERATIONS:
A binary operation “*” defined on a set A assigns to each ordered pair (a, b) of elements
of A, a uniquely determined element a*b of A.

That is, a binary operation takes two elements of A and maps them to a third
element of A.

EXAMPLE:

1. “+” and “.” are binary operations on the set of natural numbers N.
2. “-” js not a binary operation on N.

3. “-” is a binary operation on Z, the set of integers.

4. “+” is a binary operation on the set of non-zero rational numbers

Q-{0}, but not a binary operation on Z.

BINARY OPERATION AS FUNCTION:

A binary operation “*” on a set A is a function from A * Ato A.
i.e. *: A xA A

Hence *(a,b) = c, where a, b, ¢ €A.

NOTE: *(a,b) is more commonly written as a*b.

EXAMPLES:
1. The set operations union v, intersection M and set difference -, are binary
operators on the power set P(A) of any set A.
2. The logical connectives v, A, —, <> are binary operations on the set {T, F}
3. The logic gates OR and AND are binary operations on {0,1}
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— AtB A —, A8
] OR e AND b—
B : B Y,

A| B | A+B Al B| AB

1| 1 1 1| 1 1

1 0 1 1 0 0

0 1 1 0 1 0

0 0 0 0 0 0

4. The logic gate NOT is a uniary operation on {0,1}

A A
NO

Al A

1 | o

0 | 1
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Lecture No.16 Types of functions

INJECTIVE or ONE-TO-ONE FUNCTION

Let f: X —Y be a function. f is injective or one-to-one if, and only if, ¥V X1, X2 €X,
if X1 # X2 then f(x1) = f(x2)That is, f is one-to-one if it maps distinct
points of the domain into the distinct points of the co-domain.

A one-to-one function separates points.

FUNCTION NOT ONE-TO-ONE:
A function f: X =Y is not one-to-one iff there exist elements x; and Xz in such

that x1 = X2 but f(x1) = f(x2). That is, if distinct elements x; and X, can found in
domain of f that have the same function value.

f

/\

X=domain of f , Y=co-domain of f

A function that is not one-to-one collapses points together.
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EXAMPLE:
Which of the arrow diagrams define one-to-one functions?

f g

/\

X Y X Y

SOLUTION:
fis clearly one-to-one function, because no two different elements of Xare
mapped onto the same element of Y.
g is not one-to-one because the elements a and ¢ are mapped onto the same
element 2 of V.

ALTERNATIVE DEFINITION FOR ONE-TO-ONE FUNCTION:
A function f: X —Y is one-to-one (1-1) iff V X1, X2 €X, if X1 # X2 then f(xy)
#f(x2) (i.e distinct elements of 1% set have their distinct images in 2" set)
The equivalent contra-positive statement for this implication isV Xy, X2 € X,
if f(x1) = f(x2), then x1 = X2
REMARK:
f: X > Y is not one-to-one iff 3 X1, X2 e X with f(x1) = f(X2) but X1 = X2

EXAMPLE:
Define f: R —R by the rule f(x) = 4x - 1 for all x eR
Is f one-to-one? Prove or give a counter example.

SOLUTION:
Let X1, X2 €R such that f(x1) = f(x2)
= 4x;-1=4x,-1 (by definition of f)
= 4X1=4 X%, (adding 1 to both sides)
= X1 = X2 (dividing both sides by 4)

Thus we have shown that if f(x1) = f(x2) then x1=x2
Therefore, f is one-to-one

EXAMPLE:
Define g : Z — Z by the rule g(n)=n?for all n €Z
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Is g one-to-one? Prove or give a counter example.

SOLUTION:
Let ny, n; eZ and suppose g(n1) = g(n2)
= N’ = n? (by definition of g)

= either ni=+n, or ni=-n

Thus g(n1) = g(n2) does not imply n; = n, always.
As a counter example, let ny =2 and n, = -2.
Then

gim) =g(2)=2°=4 andalso  g(n2) =g(-2) = (-2)2=4
Hence g(2) = g(-2) where as 2 #-2 and so g is not one-to-one.

EXERCISE:
Find all one-to-one functions from X = {a, b} to Y = {u, v}

SOLUTION:
There are two one-to-one functions from X to Y defined by the arrow diagrams.

ST - T, e T / k
I A ‘x{ i ", Py K
“‘, "|. !'l III “\ M Il'E v
! — i f a
! d J I| u | - ! ||

|
4

/
x

| P&

-
]

[}
|

’ .
/

Jf u oy
f'j[
'u‘ "

EXERCISE:

How many one-to-one functions are there from a set with three elements to
a set with four elements.

SOLUTION:
Let X={ XXy Xz}and Y ={y,y,Y3Ya}

X Y
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X1 may be mapped to any of the 4 elements of Y. Then x> may be mapped to any of the
remaining 3 elements of Y & finally xs may be mapped to any of the remaining 2
elements of Y.

Hence, total no. of one-to-one functions from X to Y are

4x3x2=24

EXERCISE:
How many one-to-one functions are there from a set with three elements to a set with two
elements.

SOLUTION:
Let X = {Xq, X5, X3} and Y ={y, ¥}

I,J"l K1 . \ s !r"f \'=.|
||!I IIII fl = }r ]. I,||
| - 5 |
X ]
’ | . J
ll'a X3 ,"} \ 72 f %
x "\.I - K "x,h /

Two elements in X could be mapped to the two elements in Y separately. But there is no
new element in Y to which the third element in X could be mapped. Accordingly there is
no one-to-one function from a set with three elements to a set with two elements.

GRAPH OF ONE-TO-ONE FUNCTION:

A graph of a function f is one-to-one iff every horizontal line intersects the graph in at
most one point.

EXAMPLE:
I\
Ty y= X2
/\y
y =/
49 (- ] ]
/‘
0 X 2 0 +2 X
ONE-TO-ONE FUNCTION NOT ONE-TO-ONE FUNCTION
from R*to R From Rto R*
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16- Types of functions

SURJECTIVE FUNCTION or ONTO FUNCTION:

Let f: X—>Y be a function. f is surjective or onto if, and only if,."V yeY, 3 xeX such that

That is, f is onto if every element of its co-domain is the image of some element(s) of its

f(x) = .

domain i.e., co-domain of f = range of f

X=domain of {

t
. f,-— - .
I — -‘-“'&\ .-'l I-
I T
i N -
! 7)(;4(-_.1_:; —
\[ X~ =ty =

Each element y in Y equals f(x) for at least one x in X

FUNCTION NOT ONTO:

Y=co-domain of {

A function f:X—Y is not onto iff there exists ye Y such that ¥x X, f(x) #y.

That is, there is some element in Y that is not the image of any element in X.

X=domain of f

N

Y=co-domain of f
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EXAMPLE:
Which of the arrow diagrams define onto functions?

f
/\

>«

X Y X Y

SOLUTION:
f is not onto because 3 = f(x) for any x in X. g is clearly onto because each
element of Y equals g(x) for some x in X.

as 1 =g(c);,2 = g(d);3 = g(a) = g(b)

EXAMPLE:
Define f: R —»R by the rule

f(x)=4x-1  forall x eR
Is f onto? Prove or give a counter example.

SOLUTION:
Lety eR.
We search for an x e R such that
fx)=y
or 4x-1=y (by definition of f)
_y+l

Solving it for x, we find x=y+1 X= €R

4
y+1€R

Hence for every y R, there exists x =
+1
F() =1 |(y \|
Y

+1
= 4.|( Y \|—1= (y+1)-1=y
L)

such that

Hence f is onto.
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16- Types of functions
EXAMPLE:
Define h: Z —Z by the rule
h(n)=4n-1forallne Z
Is h onto? Prove or give a counter example.
SOLUTION:
Let m €Z. We search for an n €Z such that h(n) = m.
or 4n-1=m (by definition of h)
N . m+1
Solving it for n, we find n =
4
But N :m_+1 is not always an integer for all m €Z.
4
As a counter example, let m=0e Z, then
h(n)=0
= 4n-1=0
= in=1
= n =E g7
4
Hence there is no integer n for which h(n) = 0.
Accordingly, h is not onto.
GRAPH OF ONTO FUNCTION:
A graph of a function f is onto iff every horizontal line intersects the graph in at least one
point.
EXAMPLE:
AY y=eX
=X
N y =K
O x ol X
i
WV
ONTO FUNCTION NOT ONTO FUNCTION FROM
from Rto R* Rto R
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EXERCISE:
Let X ={1,5,9} and Y = {3,4,7}.Define g: X —Y by specifying that

9 =7, 9 =3, 9(9) =4
Is g one-to-one? Is g onto?

SOLUTION:
g is one-to-one because each of the three elements of X are mapped to a different
elements of Y by g.

9(1) =9(5), 9(1)=9@)., 9(5) = 9(@)
g is onto as well, because each of the three elements of co-domain Y of g is the image of
some element of the domain of g.

3=9(5), 4 =9(9), 7=9(1)

EXERCISE:

Define f: P({a,b,c})—Z as follows:
for all AeP ({a,b,c}), f(A)= the number of elements in A.
a. Is f one-to-one? Justify.
b. Is f onto? Justify.

SOLUTION:

a. f is not one-to-one because f({a}) = 1 and f({b}) = 1 but {a}= {b}

b. f is not onto because, there is no element of P({a,b,c}) that is mapped
tod €Z.

EXERCISE:

Determine if each of the functions is injective or surjective.

a. f: Z ->Z* define as f(x) = x|

b. g: Zt — Z* x Z* defined as g(x) = (x,x+1)

SOLUTION:
a. f is not injective, because
f(l)=11|=1 and f(-1)=}-1/=1
ie, f(1)=f-1) but 1=-1
f is onto, because for every acZ*, there exist —a and +a in Z such that
f(-a)=1|-aj=a and f(a)=a|=a
b. g: 2t — Z* x Z* defined as g(x) = (x,x+1)
Let g(x1) = g(x2) for x1, x2 €Z*
= (x1, X1 +1) = (x2, x2+1) (by definition of g)
= X1 = X2 andx]1+1=x2+1
(by equality of ordered pairs)
=  X1=X2
Thus if g(x1) = g(x2) then x1 = x2
Hence g is one-to-one.
g is not onto because (1,1) eZ*xZ™* is not the image of any element of Z*.
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BIJECTIVE FUNCTION

or
ONE-TO-ONE CORRESPONDENCE

A function f: X—Y that is both one-to-one (injective) and onto (surjective) is called a
bijective function or a one-to-one correspondence.

'
IX T
e - ,
- ", -~ ,
s - ™,

d Y 7 S

x\l / \

:

-q\_\\
(o]

EXAMPLE:
The function f: X—Y defined by the arrow diagram is both one-to-one and onto; hence a
bijective function.

—
N /1
N

X Y
EXERCISE:
Let f: R —R be defined by the rule f(x) = x3.Show that f is a bijective.
SOLUTION:
f is one-to-one
Let f(x1) = f(x2) for X1, X2eR
= X13 = Xz3
= X13 - Xz3 =0
= (X1 -Xz) (X12 + X1Xo2 + X22) =0
=  Xi-X2=0 or X12 + X1X2 + X22=0
= X1 = X2 (the second equation gives no real solution)

Accordingly f is one-to-one.
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16- Types of functions
f is onto
Lety eR. We search for a x R such that
f(x)=y
= x3=y (by definition of f)
o x=(y)l/3
Hence for y R, there exists x = (y)1/3 R such that
f(x) = f((L3)
= (133 =y
Accordingly f is onto.
Thus, fis a bijective.
GRAPH OF BIJECTIVE FUNCTION:
A graph of a function f is bijective iff every horizontal line intersects the graph at exactly
one point.
AY y=x> A
/ (0,5)
5 X /(5,0) 0(0,0)
BIJECTIVE FUNCTION
BIJECTIVE FUNCTION fromRto R
fromRto R
IDENTITY FUNCTION ON A SET:
Given a set X, define a function ix from X to X by ix(x) = x fromall x eX.
The function iy is called the identity function on X because it sends each element of X to
itself.
EXAMPLE:
Let X = {1,2,3,4}. The identity function ix on X is represented by the arrow diagram
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- _L—J =
/ \ 7 1 \
! / Y
RS
. 3 ] X
x| [\ /
\ 4 4

EXERCISE:
Let X be a non-empty set. Prove that the identity function on X is bijective.

SOLUTION:
Let ix: X —>X be the identity function defined as ix(x) = x VeX
1. ix is injective (one-to-one)

Let ix(x1) =ix(x2)  for x1, x2 eX

= X1=X2 (by definition of ix)

Hence ix is one-to-one.

2. ix is surjective (onto)
Let y €X (co-domain of ix) Then there exists y e X (domain of ix) such that ix (y)
=y  Hence iy is onto. Thus, ix being injective and surjective is bijective.

CONSTANT FUNCTION:
A function f:X—Y is a constant function if it maps (sends) all elements of X to one
elementof Yie. Vx eX, f(x)=c, forsomeceY

EXAMPLE:
The function f defined by the arrow diagram is constant.
f
‘?-,-,,
REMARK:

1. A constant function is one-to-one iff its domain is a singleton.
2. A constant function is onto iff its co-domain is a singleton.
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Lecture No.17 Inverse Function

EQUALITY OF FUNCTIONS:
Suppose f and g are functions from X to Y. Then f equals g, written f =g, if, and only if,
f(x)=g(x) for all xeX

EXAMPLE:

Define f: R —R and g: R—R by formulas:
f(x) = ] for all xeR
9x)= 2 for all xeR

Since the absolute value of a real number equals to square root of its square
ie., x| = ./x¢ forallx eR

Therefore f(x) = g(x) for all xeR

Hencef=g
EXERCISE:
Define functions f and g from R to R by formulas:
2x3 + 2x
f(x) = 2xand g(x) = —; for all xeR.
Show that f= g X" +1
SOLUTION:
2x3 + 2x
X =
9&) X2 +1
_ 2x(x* +1)
(x* +1)
= 2X [ x*+1=0]
=f(x) forallxeR

INVERSE OF A FUNCTION

X Y
FUNCTION INVERSE
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Remark: Inverse of a function may not be a function.

fl

R Y
"/ 7
| |

X Z Z X

INJECTIVE FUNCTION INVERSE

Note: Inverse of an injective function may not be a function.

/_\ /\
» .
Y X
X Y
INVERSE

SURJECTIVE FUNCTION

Note: Inverse of a surjective function may not be a function.
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\/
/

X Y

INVERSE

BIJECTIVE FUNCTION

Note: Inverse of a surjective function may not be a function.

INVERSE FUNCTION:
Suppose f: X—Y is a bijective function. Then the inverse function f*: Y—X is defined
as:
Vye