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Introduction

We begin this chapter with some of thesiltaconcept of represitation of numbers on
computers and errors introduced during c o mtp aurt a Problem solving using computers and the
steps involved are also discussed in brief.

Number (s) System (s)

In our daily life, we use numbers based ondi&d@imal system. In this system, we use ten
symbols 0, 1,...,9 and the number 10ciaslled the base of the system.

Thus, when a ba g is given, we neelN different symbols 0, 1, 2, ...N,(— 1) to represent an
arbitrary number.

The number systems commonly used in computers are

Base, N Number

2 Binary

8 Octal

10 Decimal

16 Hexadecimal

An arbitrary real numbera, can be written as

a amN™ a ,N™! aN' g a/ N'" apN "
In binary system, it has the form,
a a2m om1 a2l a az2t" a2m
m aml 1 0 1 m
The decimal number 1729 is represented and calculated
(1729),, 1 10® u7 1® 2 10 w9 1% u u
While the decimal equivalent of binary number 10011001 is
12002 022 128 12 02 022 12 u u
111
8 16 128

(1.19531251)0

Electronic computers use binarys$e/m whose base is 2. The two symbols used in this system
are 0 and 1, which are call&dnary digitsor simplybits.

The internal representation of any data within e wter is in binary from. However, we prefer
data input and output of numi eal results in decimal syatn. Within the computer, the
arithmetic is carried out in binary form.

Conversion of decimal number 47 into its binary equivalent

Sol.
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Errors in Computations

Numerically, computed solutions are subjecctdatain errors. It may be fruitful to
identify the error sources and their growtthile classifying the errors in numerical
computation. These are
Inherent errors,
Local round-off errors
Local truncation errors
Inherent errors
It is that quantity of error which is preseintthe statement of the problem itself, before
finding its solution. It arises d ut® the simplified assumptions made in the mathematical
modeling of a problem. It can also arise w it lreen data is obtained from certain physical
measurements of the parameters of the problem.
Local round-off errors
Every computer has a finite word length anealréHore it is possiblteo store only a fixed
number of digits of a given input numb &rince computers store information in binary
form, storing an exact decimal number inhitisary form into the computer memory gives
an error. This error isomputer dependent.
At the end of computation of a particulparroblem, the final results in the computer,
which is obviously in binary form, shoulbde converted into decimal form-a form
understandable to the user-diedtheir print outT herefore, an additional error is
committed at this stage too.
This error is calledlocal round-offerror.

(0.7625;), (0.11000011001,1)

If a particular computer system has araviength of 12 bits only, then the decimal
number 0.7625 is stored in the computermory in binary form as 0.110000110011.
However, it is equivalent to 0.76245.
Thus, in storing the number 0.7625, we hagemitted an error equal to 0.00005, which
is the round-off error; inherent witthe computer system considered.
Thus, we define therror as

Error = Tu e value — Computed value
Absoluteerror, denoted by |Error|,
While, therelative erroris defined as
|Erroff

Relative error ——
| True valug

Local truncation error

Itis generally easier to expand a functioto a power series using Taylor series
expansion and evaluatebiyt retaining the first few terms. For example, we may
approximate the functionf (x) = cos x by the series

2 2n
cosx 12X X (X i
2 4 (2n)!
If we use only the first three terms to compades xfor a givenx, we get an approximate
answer. Here, the error is due to trunncgatihe series. Supposmee retain the firsm

terms, the truncation error (TE) is given by
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Polynomial

An expression of the formf (x) a X a X awherenisa
0

1 2 .
ax'* ax ni
positive integer anda,, a,,a, ....a, are real constants, suc/ip e of expressionis called

an nth degree polynomial inxido 0z

Algebraic equation:

An equation f(x)=0 is said to be the algailsrequation in xif itis purely a polynomial in
X.
For example
x> x* 3x*> x 6 Oltisafifth order polynomial anslo this equation is an algebraic
equation.
x2 6 0
X x 0
y* 4y® 3y?> y 2 0 polynomialiny

t* 6t2 21 Opolynomailint
These all are the examples of the polynomial or algebraic equations.

Some facts

1. Every equation of the form f(x)=0 hasleaatst one root ,it may be real or complex.

2. Every polynomial of nth d egye has n and only n roots.

3. If f(x) =0 is an equation oofdd degree, then it has at Ite@rs e real root whose sign is
opposite to that of last term.

4.1 f(x)=0 is an equation of even degree wen d asst term is negative then it has at least
one positive and at least one negative root .

Transcendental equation

An eguation is said to be transcendeatplation if it has logatrhimic, trigonometric and
exponential function or combanion of all these three.
For example

e* 5x 3 0 itisatranscendental equati@® it has an exponential function
e* sinx O
Inx sinx O

2sec?’x  tanx e O
These all are the examples of transcendental equation.

Root of an equation
For an equation f(x) =0 to find the solution Wi ned such value which satisfy the equation

f(x)=0,these values are knovars the roots of the equation .
A value ais known as the root of an etgiounaf(x) =0 if and only if f (&) =0.
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Regula-Falsi method (Method of false position)

Here we choose two pointxs, and x,, such thatf (x,) and f( x, ) have opposite signs.
Intermediate value property suggests thatgthaph of the y=f(x) crosses the x-axis
between these two points and theref@req ot lies between these two points.

Thus to find the real root of f(x)=0 using druel a - Falsi method ,we replace the part of the
curve between the point&( x,, f(x,)) and B( x,,, f( X)) by a chord in the interval and

we take the point of intersection of titilsord with x-axis asnitial approximation.
Now, the equation of the chord joining the points A and B is,

y f(x) X X
f (Xn 1) f (Xn) Xn 1 Xn

Setting y=0 in the above equation we get

X an
SRR TCO NI R f(x)
Hence the firstapproximatn to the root is given by

X X X1 f(x
nl n T(X) T(X ) ( n)
n nl

We observe thatf (x, ;) and f( x,,) are of opposite signs thusisitpossible to apply the
above procedure, to derteine the line through Band; and so on.
Hence for successive approximation to the root above formula is used.

Example

Use the Regula-Falsi method to qmute a real root of the equatiad —9x+ 1 =0,
() iftheroot lies between 2 and 4

(i) if the root lies between 2 and 3.

Comment on the results.

Solution

Let
f(X)=x3-9x+1
f(2)=2%-9(2) +1=8 18+1= 9andf(4)=%4 -9(4)+1=64 36+1=29.

Sincef (2) andf (4) are of opposite signs, the root of f(x) =0 lies between 2 and 4.
Takingxl = 2,x2 = 4 and using Regula-Falsi me th ohde, first approximation is given by

X % f(x) 4 42 (29) 4 2(29)
X 29 (9 —38

X3 X X

2 1

4 28 4 15263 2.4736
38
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Example
Using Regula-Falsi method, findethreal root of the followingquation correct, to three
decimal placesx: log 10 x =1.2

Solution:
Letf(x) =xlogiox 1.2

f(2)= loge,2 1.2= 0.5979,
f(3)=3log,,3 1.2=0.2314.
Since f (2) and f (3) are of opposite signs, the real root lies betweenxl = 2, x2 = 3.

The first approximation is obtained from

3 2
. % X % f(x) 3 9(0.2314)
X)) T(X) 02314 0597
X2 XZI.
0.2314 5 72097
0.8293

f(x;) Letf(x)= 2.72097lo,g, 2.72097 1.2= 0.01713.

Sincef (x2) andf (x3) are of opposite signs, the root of f(x) =0 lies between2 and
x3. Now, the second approximation is given by

X3 X o f 2.72097 2.72097 3 0.1713) 2.7402
X % T(xX) T(X) (XQ 0.1713 0.2314( )

3 2

f(x,) =2.7402 log, 2.7402 1.2 3.8905 10 u

Thus, the root of the given equationrrceoct to three decimal places is 2.740

NOTE: Here if TOL is given then we cammply find the value of TOL by subtracting
both the consecutive roots and write iti e tehxponential notatioir the required TOL is
obtained then we stop.

Method of Iteration

Method of iterations can be appliteodfind a real root of the equatiofr{x) =0 by

rewriting the same in the form.

x (X

Let X Xobe the initial approximaotin to the actual root, say, of the equation .then the
first approximation isx.  (Ix,) and the successive approximation &e (Ix,)

X3 (%), %, (X3),....%, (X, ,)if sequence of the lapproximate rooxt;s,,X,, Xs,...X,

converges to itis taken as the root of the equation f(x)=0.
For convergence purpose the initiapl raopximation is to be done carefully.the choice
of the xo is done according to the theorem.
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Newton -Raphson Method

This method is one of the most powel mfuethod and well known methods, used for
finding a root of f(x)=0 the formula many lderived in many ways the simplest way to
derive this formula is by using the first twweor ms in Taylor’s series expansion of the
form,

fx ) (%) (X1 %) £1(x)
setting f(x,,) O give,s

fx) (%1 x)f(x) O

thus on simplificatio,n we ge,t

X X f(x) forn 0,1,2...
f'(xy)

Geometrical interpretation

Let the curve f(x)=0 meet the x-axis at x=meet the x axis at x=.it means that is
the original root of the f(x)=0.Lexo be the point near the root of the equation f(x)=0

then the equation of the tangeRy | x,, f(%,)] is
y f(xo) f'(x)(X Xxo)
)
(%)
This is the first approximation to the root .if P[x, f(x)] is the point corresponding
to x, on the curve then the tangentRatis

y f(x1) f'(x)(x x)

This cuts the x-axis atx; X,

o)

f(xy)

This is the second approximation to the roo.tRepeating this process we will get the
root  with better approximations quite rapidly.

This cuts the x-axis atx, X,

Note:

1. When f'(x) very large .i.e. is when the sloipselarge, then h will be small (as
assumed) and hence, the root sarcalculated in even less time.

2. If we choose the initial approximatioxno close to the root thew e get the root of
the equation very quickly.

3. The process will evidently fail iff '(xX) 0 is in the neighborhood of the root. In
such cases the regula falsi method should be used.
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Secant Method

The secant method is modified form of Newton-
Raphson method .If in Newton-Raphson ineek; we replace the derivativfe x.'( b)y the

difference ratio, i.e,

frox) foq) fx0)
N X X,

n

Where x, and x,, ; are two approximations dfie root we get

F) (% X41)
Yo % X)X

X f () X f(Xp1) X)X %)
fOG) (X 0)
Xa1F(X) X f(Xa1)
feG) f(x0)
Provided f (x,) £(X,,)
This method requires two starting valxe and Xx1; values at both these points are

calculated which gives two points on the ceu itlv e next point on the curve are obtained
by using the derived formula. We contintinés procedure until we get the root of
required accuracy.

Geometrical Interpretation

Geometrically, the secant method corresgdondirawing secants rather than tangents
to obtain various approximations to roo;t
To obtainx. we find the intersection betwe ¢hme secant through the poin{so, f (xo))
And (x, f(x1)) and the x-axis.

It is experienced that the secant method converreg@®r quickly .therés a possibility of
the divergence if the two roots lie on thensaside of the curve .the order of the

1./5
convergence of the decant method equeﬁ—te£ 1.618,which shows that this
2

method has the order of convergence sligimtflgrior that of Newton-Raphson method, In
this method f(x) is not required tdhange signs between the estimate.
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Muller's Method

Muller’'s method is a generalization of the secant method, in the sense that it does not require the derivative
of the function. It is an iterative method that requires three stadinip , ,

and_. A parabola is constructed that pastsherosugh the three points; then the quadratic

formula is used to find a root of the quadratic for the next approximation. It has been proved that near a
simple root Muller's method converges faster than the secant method and almost as fast as Newton's
method. The method can be used to find real or complex zeros of a function and can be programmed to use
complex arithmetic.

Example

Do two iterations of Muller's method to solvxe® 3x 1 O starting with x 0.5, X 0, X 1
0

Solution

fix) f (05 305 1 0375
fx) f @ 311 1

f(x:) f: 0301 1 u
c f 0375

h x x 05

h x x 05
hf (h h)f hf

hh,(h h)
(05)( 1) (0375 (05)

0.25
f f ah
b ™ ¢ ! 2

h

a

2c

b +b® 4ac

2( 0.375
05 ( )

" 2 J4 415)0.375)

0.75

2 V4 225

X ?X

0.5 0.33333 EO0.5
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Solution of Linear System ofEquations and Matrix Inversion

The solution of the system efjuations gives n unknown valuxels, x2, ..., xn, which
satisfy the system simultaneously.mif> n, the system usually will have an infinite
number of solutions.

If |A| Ozthen the system will have a unique solution.

If |Al 0,

Then there exists no solution.

Numerical methods for finding the solution o é telystem of equations are classified as
direct and iterative methods. In direct hcedt s, we get the solution of the system after
performing all the steps involved in th eo g & dure. The dire an ethods consist of
elimination methods and decomposition methods.

Under elimination methods, we consider, Gaussian elimination and Gauss-Jordan
elimination methods

Crout’s reduction also known as Cholesskyeé duction is considered under decomposition
methods.

Under iterative methods, the inailtiapproximate solution is assumed to be known and is
improved towards the exact solution initaenrative way. We conger Jacobi, Gauss-
Seidel and relaxation mheotds under iterative methods.

Gaussian Elimination Method

In this method, the solution tdve system of equations is obtained in two stages.
i)  the given system of equations is redutae @n equivalent upper triangular form
using elementary transformations
i)  the upper triangular system is solvuesding back substitution procedure

This method is explained by considering a syste m eogfuations inn unknowns in the
form as follows

apX; apX  "amX b1 ¥
ax ax "ax b

211 22 2 ann 2

S7

o
o

X 8% " a,x, b °
Stage |: Substituting the value>dlffrom first equation into the rest

X, apX "a b, % c Cc
a x "ac’:?(mblo/2 C C
22 2 2n n 2
# 7
A% ! an, X, bn o(; C c
© CopyrigWirtual University of Pakistan 1
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Solution of Linear System of Equations and Matrix Inversion

Gauss—Jordon Elimination Method

This method is a variation of Gaussian elimination method. In this method, the elements above and below
the diagonal are simultaneously made zero. Thagtiivsean system is reduced to an equivalent diagonal

form using elementary transformations. Then the solution of the resulting diagonal system is obtained.
Sometimes, we normalize the pivot row with respg e ath e pivot element, before elimination. Partial

pivoting is also used whenevtehre pivot element becomes zero.

Example
Solve the system of equations using Gauss-Jordan elimination method:

X 2y z 8 1

2x 3y 4z 20 3,
4x 3y 2z 16

é

Solution
In matrix notation, the given system can be written as

1 2 1ax . 8 .0 § . §

2 3 4% 20 > .

« s » s

4 3 2«7 16 . Y, R © 1 © 1

1 2 123 8 - o § 8

0 1 2 «, . 4: (-2 R1”+R2 and (4) R1+R3

« N »

0 5 2«z T 16 Y, - ©® 1 © 1
Now, we eliminate y from the first and third rows using the 5@ cow. Thus, we get

1 0 b5 2x 16 ° 8 . 8§

0 1 2 ¢y~ 4 - >

0 0 12«z 36: A © 1 ©

Before, eliminating z from the first and second row, normalize the third row with respect to the pivot
element, we get

1 0 5ax 16 o § . §
0 12 4 o2
0 0 1l«z 3 Y, © 1 © 1
Using the third row of above Equation, and elimingatzi from the first and second rows, we obtain
1 0 O0ax . 1 0 § . §
0 10%. , Lo
« »

0 0 1«z 3
The solution is
x=1y=2,z=3

Y, - © 1 © 1

Example

Solve the system of equation by using the Gauss Jordan elimination method

10x y z 12
2x 10y z 13
Xy 5z 7
Solution
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Solution of Linear System ofEquationsand Matrix Inversion

Jacobi’s Method
This is an iterative methoevhere initial approximate sotliwn to a given system of
equations is assumed and is improved towathe exact solution in an iterative way.

In general, when the coefficient matrixtbe system of equations is a sparse matrix
(many elements are zero), ic¢ive methods have definiéglvantage over direct methods
in respect of economy of computer memory

Such sparse matrices arise in computing the numerical solution of partial differential
equations

Let us consider

a; X, apX "" amXn b1 %
ax a X ax b
n 2

o

3
# gy # #

o

auX  apX ! ann X, bl é
In this method, we assume that the coeffittimmatrix [A] is strictly diagonally dominant,
thatis, in each row of [A] the modulustdife diagonal element @exeds the sum of the
off-diagonal elements.
We also assume that the diagonal eletmdeonnot vanish. If any diagonal element
vanishes, the equations can alwaysrebaerranged to satisfy this condition.
Now the above system of equatilt}ns can be written as

2

mn a
x b a; X n x
L a a 2 a "
1 1 11
a
b, By
X a- aX ah
22 22 22 S7
# # # #
Xn & ﬁ)ﬁ n an(n l) )%
a a a !

nn nn nn é
We shall take this solutionvect@x ,x,...,x )T as a first approximation to the exact
1 2 n

solution of system. For convenience, letdesiote the first approximation vector by
(x@, xD, ... xD) got after taking as ainitial starting vector.
1 2 n

Substituting this first approximation in the right-hand side of system, we obtain the
second approximation to the given system in the form
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Solution of Linear System ofEquations and Matrix Inversion Gauss—
Seidel Iteration Method

It is another well-known iteraté method for solving a system of linear equations of the
form
a;pX; apX "amX b1 ¥

ax ax "ax b
21 1 22 2 2n n 2 3/
4

# # o # #
n o
X apX; A0 X, bn é

In Jacobi’s method, ther (+ 1)th approximation to the above system s given by
Equations

b, a a Ya
cn D 8y w0
— x in
11 11 11
b, a a
1) ) n )
x§ D g2 Doy %n xh
22 22 22 ¥4
# # # #
Xr(1r 1) bn ay )S(f) " an(n 1) X({)
a a a v
nn nn nn ¢
Here we can observe that no elemenx{(c f replacesx® entirely for the next cycle of
computation.

In Gauss-Seidel method, the corresponding elements oxf" Yreplaces those of

X as soon as they become available.

Hence, it is called the method of successlisplacements. For illustration consider
apXy apX "X, b, %

X &% " A% b :

Y.
# # oo # #
n o
An X pX, a,x, b, s
In Gauss-Seidel iteration,eth(r + 1)th approximation oitreration is computed from:
X" E %xg’ " aﬂxr(:’ 7
a, a a
¢ B By ey w80
X I 3 X5
22 22 22 Ya
# # # #
b a a
XH 1) al 'an—l )q_(r 1) n n;n 1) XE]r ll)
nn nn nn é

Thus, the general procedure can bigtewr in the following compact form
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